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Most physical and other natural systems are complex en-
tities composed of a large number of interacting individual
elements. It is a surprising fact that they often obey the
so-called scaling laws relating an observable quantity with
a measure of the size of the system. Here we describe the
discovery of universal superlinear metabolic scaling laws in
human cancers. This dependence underpins increasing tu-
mour aggressiveness, due to evolutionary dynamics, which
leads to an explosive growth as the disease progresses. We
validated this dynamic using longitudinal volumetric data of
different histologies from large cohorts of cancer patients.
To explain our observations we put forward increasingly-
complex biologically-inspired mathematical models that cap-
tured the key processes governing tumor growth. Our mod-
els predicted that the emergence of superlinear allometric
scaling laws is an inherently three-dimensional phenomenon.
Moreover, the scaling laws thereby identified allowed us to
define a set of metabolic metrics with prognostic value, thus
providing added clinical utility to the base findings.

Biological systems display complex spatially and tempo-
rally varying structures that are mainly a consequence of their
underlying metabolism. Organisms continuously incorporate
energetic and material resources from the environment, trans-
forming and allocating them into different compartments that
allow for their growth, reproduction and, hence, survival,
both as individuals and as species. Metabolism involves ran-
dom fluctuations and hierarchical processes that determine
the pace at which organisms live and evolve. In a seminal
work [1], Kleiber observed that, for a broad variety of species,
metabolic rates scale to the 3/4 power of the animal’s mass.
This result contradicted theories assuming a direct propor-
tionality between the animal’s volume and its metabolic rate,
or other scalings such as metabolic rate being proportional
to the animal surface. Scaling laws are of the form Z = αVβ ,
where Z is an observable quantity, V is a measure of the
size of the system -in living systems typically their volume
or mass- α is a rate constant and β represents the scaling ex-
ponent [2]. West and coworkers proposed that the exponent
β = 3/4 found by Kleiber could be the result of principles
of minimal energy [3]. Many related studies have explored
allometric scaling laws in other biological contexts [4–6].

Do human cancers obey metabolic scaling laws? Some evi-
dence obtained from in vitro experiments or from xenotrans-
plantation of patient-derived cells into immunocompromised
mice seem to support that cancers also obey the Kleiber’s law
or similar sublinear dynamics [7–9]. However, no works have
uncovered scalings laws from large cancer patient datasets.
Here we addressed this question under the initial hypotheses
that malignant tumours would scale between the metabolic
requirements of coordinated tissues governed by minimal en-
ergy principles (leading to an exponent β ≃ 3/4) and that of
independent uncoordinated units (exponent β ≃ 1).

Tumour cells exhibit high metabolic requirements to sus-
tain an upregulated proliferation. Nutrients such as glu-

cose and, to a lesser extent, glutamine are mostly used to
fuel biomass formation and macromolecule synthesis [10].
Deregulated glucose uptake by tumour cells, known as the
Warburg effect, constitutes the basis of positron-emission-
tomography/computed-tomography (PET/CT)-based imag-
ing by means of the radioactive tracer 18F-fluorodeoxyglucose
(18F-FDG), widely used in clinical oncology [11]. To study
the relationship between tumour metabolic rates and volume
we collected data of different cancer types imaged at diagnosis
with 18F-FDG PET/CT. Tumours were segmented and their
total lesion activity (TLA) and metabolic tumour volume
(MTV) calculated. TLA and MTV were computed as the
product of each voxel volume within the tumour by its mea-
sured standardized uptake value (SUV) and as the summed
volume of the segmented tumour voxels, respectively. Our
first goal was to determine whether a dependence of the form
TLA ∼ αMTVβ could be identified. Figure 1 shows log-log
plots of MTV versus TLA for patients with: locally advanced
breast cancer (LABC), head and neck cancer (H&NC, stages
II-IV), non-small-cell lung cancer (NSCLC, stages I-III) and
rectal cancer (RC, stages III-IV) (see ‘Methods’ for more pa-
tient data). The obtained exponents were, β = 1.307 ± 0.069
(R2 = 0.874, LABC), β = 1.182±0.030 (R2 = 0.954, H&NC),
β = 1.248 ± 0.032 (R2 = 0.900, NSCLC), β = 1.386 ± 0.152
(R2 = 0.798, RC), as shown in Fig. 1(a,b,d,e). Thus, super-
linear scalings clustered around the rational number β = 5/4
(Fig. 1(g)). Moreover, all patients scanned in the same in-
stitution and undergoing an identical protocol, thus provid-
ing comparable data, followed a common scaling law with
β = 1.309±0.030 (R2 = 0.895) [Fig. 1(h)]. Possible artefacts
on the scaling exponents due to the partial volume effect in
PET images were discarded (see SI, Section S4). Our find-
ings contradicted the hypothesis of metabolic scaling being
sublinear suggesting a fundamentally different dynamics.

This superlinear glucose uptake could be the result of dif-
ferent mechanisms. The first one would be an increase of the
Warburg phenotype leading to a less efficient use of glucose.
Also, the presence of immune cells and inflammation within
the tumour region could be a contributing factor. However,
since glucose is mostly used to satisfy the proliferation de-
mands [10,11], we suspected that an increase of the prolifer-
ation rate with size was probably the main underlying cause.

To clarify this, we gathered data from glioma patients
(grades II-IV) imaged at diagnosis with 18F-Fluorocholine
PET (18F-FCHOL), and from breast cancer patients
(stages II-IV) imaged at diagnosis with 3’-deoxy-3’-18F-
fluorothymidine PET (18F-FLT). These two radiotracers re-
flect choline and thymidine metabolism and are related to cell
proliferation [12, 13]. The obtained scaling exponents were
β = 1.21 ± 0.08 for gliomas and β = 1.188 ± 0.035 for breast
cancers (Fig. 1(c,f)), in agreement with a superlinear activ-
ity and providing support to the hypothesis of an increased
glucose uptake to satisfy the proliferation demands.

Superlinear scaling laws have been found in varied scenar-
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Figure 1 | A superlinear scaling law governs glucose uptake and proliferation in human cancers. Log-log plots of 18F-FDG uptake (TLA)
versus metabolic tumour volume on diagnostic PET for breast cancer, head & neck cancer, non-small-cell lung cancer and rectal cancer display
superlinear (β > 1) allometric scaling laws. Diagnostic PET with proliferation radiotracers, either 18F-FLT for breast cancer or 18F-FCHOL
for glioma, shows the same dependence pointing to the use of glucose mostly as a resource for biosynthesis. The fitted exponents cluster
around β = 5/4. Joint records of patients imaged in the same institution with identical protocol (breast-FDG, lung and rectal cancers), show
that a common scaling law governs the dynamics.

ios, ranging from urban infraestructures and socioeconomic
networks to primitive life forms [2]. In contrast with sub-
linear scaling, which leads to stable bounded growth, su-
perlinear scaling produces unbounded growth. For biolog-
ical organisms, whole-body metabolic rates increase with
size across prokaryotes, protists and metazoans, although
each group is characterized by a distinctive scaling relation-
ship that is unique to their body size range [14]. In het-
erotrophic prokaryotes the relationship between metabolic
rate and body mass has an exponent β > 1, whereas for
metazoans it is β < 1. Within an evolutionary perspective,
the transition from simple prokaryotes to complex eukaryotes
has shown not only a higher level of multicellular organiza-
tion, but also a trend towards the 3/4 scaling exponent of
Kleiber’s law. Our results suggest that human cancers, as
they progress, decrease the efficiency of their local vascular
network [15], which would tend to increase their scaling ex-
ponents and significantly deviate from the 3/4 Kleiber’s law.

To further quantify the relationship between tumour size
and metabolism, let B ∝ Vβ denote the metabolic rate of a
tumour, where V is the volume occupied by viable cells. A
simple mathematical model accounting for energy conserva-
tion describing the temporal dynamics of tumour growth is
B = aV + b dV

dt , where the first and second terms correspond
to cell maintenance and proliferation, respectively [16]. If
most of the energy is used for cell biosynthesis, we may write

dV
dt

= αVβ . (1)

When β > 1, there is a finite time tcrit = t0+V1−β
0 / [α(β − 1)]

at which the tumour ’blows up’, where V0 is the volume at
time t0 (see SI Section S1). Thus, the existence of a superlin-
ear scaling law between proliferation and volume implies an
increasingly accelerated volumetric growth and the formation
of a singularity in a finite time. In real cancers such dynamics
cannot be sustained to the blow-up point, since tumours are
subject to physical and nutrient-supply constraints. In pa-
tients, such an accelerated growth in the final stages entails
metabolic and spatial requirements incompatible with life.

There has long been discussion about the best mathemat-
ical model for describing tumour growth, most of them as-

suming different types of bounded dynamics [7, 17–20]. The
data supporting these models comes from patient-derived cell
lines cultured in vitro or, else, from either allotransplanta-
tion of murine cells into syngeneic immunocompetent inbred
mice or from xenotransplantation of patient-derived cells into
immunocompromised mice. These models have a number of
shortcomings when compared with their human counterparts.
They display loss of genetic heterogeneity and irreversible
changes in gene expression due to long-term in vitro prop-
agation [21] and exhibit a rapid non-autochthonous growth
that results in a perturbed tissue architecture with alterations
in the vascular, lymphatic and immune compartments.

To investigate whether explosive tumour growth could be
observed in cancer patients, we looked for longitudinal imag-
ing datasets of untreated tumours. Data of this type is scarce
since growing tumours are typically either treated or -as in
the case of palliative care patients- not followed up by imag-
ing. Most available datasets had either incomplete informa-
tion, no volumetric imaging and/or very few time points.
Mandonnet and colleagues [22] studied the growth dynamics
of untreated WHO grade II gliomas, Van Havenbergh [23]
analysed petroclival meningiomas, and Heesterman et al [24]
head and neck paragangliomas. Growth dynamics consistent
with sublinear scalings were observed for those slowly growing
tumours. To further confirm this idea, we collected longitu-
dinal volumetric growth data from a set of lung hamartomas,
the most frequent benign lung tumour type, and found a best
fit of Eq. (1) with β = 0.5 ± 0.2 (Fig. 2(d)). Hence, not all
human tumours manifest an explosive growth.

We also collected imaging datasets of patients bearing tu-
mours that were either malignant initially or became ma-
lignant over the course of the disease (see ‘Methods’ for a
description of the patient datasets). The first one was a set
of brain metastases in which one of the lesions was either
below target definition or left without therapy due to medi-
cal reasons. A second set comprised initially WHO grade II
gliomas that underwent surgery and then received no other
treatment for long periods. The third was a set of patients
enrolled in a lung cancer screening program. After detec-
tion of lung nodules with no signs of malignancy they where
followed up by low-dose CT scans. Many of these tumours
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Figure 2 | Explosive longitudinal volumetric dynamics of untreated malignant human tumours. Longitudinal volumetric data for cancer
patients with untreated brain metastases (BM), low grade gliomas (LGG), non-small-cell lung carcinomas (NSCLC), atypical meningiomas
(AM) and lung hamartomas (LH). Solid curves show the fits with the optimal exponents (values provided in each subplot) giving the smallest
mean square errors. The longitudinal 3D reconstruction of a BM and representative axial slices highlighting tumour location at three time
points are displayed in the left panel together with the fitting curves obtained for different exponents. Mean square errors (MSE) for the five
datasets and exponents 3/4, 1, 5/4 (taken as a reference) in comparison with the optimal exponent, are depicted in the lower right subplot.

accelerated their growth until a point at which further ther-
apeutical actions were taken. Finally, we included a sub-
set of petroclival meningiomas that showed signs of atyp-
ical behaviour (cases 5, 6, 9, 11 of Fig. 7 and cases 14,
18 of Fig. 8 in Ref. [23]). For each patient we fitted the
longitudinal volumetric growth data using different power-
law models expressed by Eq. (1). We tested the exponents
β = 3/4 (size-limited Kleiber’s law), β = 1 (exponential
growth law) and then superlinear β = 5/4. Subsequently, we
searched for the exponent that minimised the mean square
error (MSE) for all patients within each tumour type. In all
these examined cases, the existence of an explosive growth
dynamics was confirmed [Fig. 2(b,c,e,f)]. A comparison of
the MSEs for the different exponents and tumour types is
shown in Fig. 2(g). We also performed a least-squares fit-
ting of the α, β parameters for each patient and computed the
mean and standard deviation for patients of each pathology.
The results obtained were 1.493±0.0197 (BMs), 1.360±0.2922
(NSCLC), 1.466±0.269 (LGGs) and 1.690±0.452 (AMs) re-
spectively. Thus, exponents obtained using the two method-
ologies were compatible between them and superlinear.

To determine whether animal models could also provide
evidence of super-exponential tumour growth dynamics, we
performed experiments on two animal models chosen because
of their close relationship to their human counterparts. First,
we injected the human lung adenocarcinoma brain tropic
model H2030-BrM [25] into the heart of nude mice in order
to induce the formation of brain metastasis from systemi-
cally disseminated cancer cells. The exponent best fitting
the dynamics of the brain metastasis measured using biolu-
miniscence, assuming a dynamics ruled by Eq. (1), and data
from all the mice was β = 1.3. The total tumour load in
the animals showed similar behaviour, with β = 1.25 (Ex-
tended Data Fig. S1). In a second set of experiments, we
injected primary glioma cells closely resembling the dynam-
ics observed in patients [26] and expressing the luciferase re-
porter gene into the brains of nude mice. One month after
the injection, weekly monitoring of the animals was started,
measuring the total flow to assess tumour growth. The opti-
mal exponents obtained were also β = 1.25.

Thus, a sustained increase in proliferation is supported
both by the allometric scaling laws and the morphological
longitudinal growth data during the tumour’s natural history.

We suspected that evolutionary dynamics could be the under-
lying process. Via genomic instability, driver gene mutations
can confer, to subpopulations of clonal cells, somatic fitness
advantages over other cells within the same tumour, and con-
tribute to higher proliferation rates. Mutational events are
expected to occur locally in space and time. However they
require time to consolidate over the whole population [27],
thus leading to an effective continuous change in the tumour’s
global proliferation rate. Phenotypic variability, manifested
as trait fluctuations within identical genotypes, also leads to
further selection of more proliferative cells [28].

The phenomenological model given by Eq. (1) lacks key
hallmarks of real cancers. We explored in silico increasingly
sophisticated spatio-temporal models incorporating cell mi-
gration and competition among different cell subpopulations.
The first mathematical model that we put forward was a
nonlocal Fisher-Kolmogorov equation (NLFK), encompass-
ing random diffusive tumour cell motion and proliferation
with saturation when reaching the local carrying capacity.
The NLFK reads as

∂u
∂t

= D∇2u + (ρ0 + ρ1N(t))
(
1 − u

K

)
u , (2)

where u = u(t, t) denotes the tumour cell density, being a
function of space t and time t. The model parameters are:
the cell diffusion constant D > 0, the size-independent ρ0 >
0 and size-dependent ρ1 ≥ 0 proliferation rates and K the
local carrying capacity of the medium. The proliferation term
in Eq. (2) includes a dependence on the total number of
tumour cells N(t) =

∫
u(t, t) d3t on the grounds that, as total

tumour size increases, there will be a higher probability of
accumulated mutational events leading to more aggressive
clones (see SI Section 2 for a derivation of the NLFK). The
proliferation activity of the tumour, in the context of this
model, is given by M(t) = dN/dt and yields the scaling laws.

To quantify the role of spatial dimensionality d on the
tumour growth scaling laws, we performed a mathematical
analysis of Eq. (2) [see SI Section S2]. If ρ1 = 0, one re-
covers the local FK equation for which the scaling exponent
of M(t) is β = (d − 1)/d < 1, thus resulting in a sublin-
ear growth. When ρ1 > 0, the proliferation activity exhibits
a superlinear scaling β = 2 − 2/d, leading to an explosive
tumour growth only if d = 3. The tumour radial velocity,
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Figure 3 | Stochastic mesoscale models with
evolutionary dynamics lead to superlinear
scaling laws in silico. a, Schematic rep-
resentation of the evolutionary dynamics in-
cluded in the mesoscale tumour growth sim-
ulator model. Random time-local discrete
events accounting for either mutations and/or
phenotypic changes provide a competitive ad-
vantage to newly arising subpopulations. b,
When a single tumour population is present,
it grows continuously and displays a sublin-
ear scaling law (blue line). In contrast, the
evolutionary dynamics of a heterogeneous tu-
mour (here consisting of four subpopulations,
as set out in ‘Methods’) yielded superlinear
growth dynamics (red line). c, Isosurfaces
of four interacting cell subpopulations at dif-
ferent points in time showing the dynamics
of dominance by the most aggressive cells
(higher indices correspond to more aggressive
clones as described by the model parameters).

which is a relevant metric in the clinic, can also be obtained
in closed form as vd(t) = M(t)/CdN(d−1)/d(t), where C1 = 2

(1D), C2 = (4π)1/2 (2D), and C3 = (36π)1/3 (3D). Hence,
dimensionality plays an essential role in the emergence of su-
perlinear allometric laws within the NLFK model Eq. (2).

To further elucidate the contribution of different interact-
ing cell subpopulations to the global tumour dynamics, we
developed a stochastic mesoscale tumour growth simulator
enabling cells to undergo replication, apoptosis, migration
to neighbouring voxels and genotypic/phenotypic transitions
(see ‘Methods’ and SI Section S3). By mesoscale we refer
to a coarse-grained approach that can reach computationally
clinically relevant tumour sizes (∼ 102 cm3) by working at
the population level rather than on individual cells. Exten-
sive in silico simulations showed superlinear scaling in broad
regions of the parameter space, matching both the volume
range and time kinetics observed in patients (Fig. 3). Su-
perlinear behaviour was present in so far as there was a per-
sistent overtaking of cell subpopulations by more aggressive
ones. The dynamics of uniform populations, without in sil-
ico evolutionary dynamics, displayed sublinear scalings (Fig.
3). Other mathematical models incorporating short-range
dispersal and cell turnover have reported changes in spatial
growth due to the underlying evolutionary dynamics [29,30].

Scaling laws are very intriguing properties of physical and
biological systems that shed light on their dynamics. They
have a fundamental value but are often of limited applica-
bility. We hypothesized that, once a scaling law of the form
Z = αVβ is set as a reference for a specific cancer type, those
with radiotracer uptake higher than the reference level, as de-
fined by the scaling law, could be more aggressive than those
with lower activity. Thus, we computed the distance with
respect to a reference scaling law (DSL) for each tumour j
and dataset for which survival information was available, via
DSLj = TLAj − αMTVβ

j , and compared two sets with differ-
ent DSL for the whole range of values of the prefactor α, as
described in Methods. Figure 4 summarizes our results for a
fixed exponent β = 5/4 in four patient cohorts with distinct
cancer types. We found ranges of threshold values classifying
patient subpopulations into DSL groups with survival differ-
ences as measured by the Harrell’s c-index.

The classical metabolic variables MTV and TLA classified
gliomas (MTV: c-index = 1.0, p = 0.013; same for TLA) and
breast cancer patients (MTV: c-index = 0.824, p = 0.098;

Figure 4 | Scaling laws allow for cancer patient classification into
prognostic groups. Patient tumours were classified as hyperactive
(TLA > αV5/4; DSL > 0) or hypoactive (TLA < αV5/4; DSL < 0)
using the metabolic scaling law as a reference. Survival differences
between groups were compared using Kaplan-Meier analysis and the
c-index. Shown are Kaplan-Meier survival curves and the best c-
index values obtained for: (a) Gliomas (p =0.001, c-index = 0.832,
α = -0.24867). (b) Head and Neck cancer (p =0.05, c-index =
1.0, α = -0.0041776). (c) Stage III and IV resectable lung cancer
patients (p=0.09, c-index = 0.742, α = -0.40334). (d) Breast cancer
(p =0.019, c-index = 0.849, α =-0.65034).

TLA: c-index = 0.87, p = 0.01) but neither lung cancer nor
head and neck patients. Hence, the superlinear metabolic
scaling laws provided prognostic metrics that were more ro-
bust than other classical PET-based indices.

The observation of superlinear metabolic scaling laws and
explosive behaviour of malignant tumours opens up many
avenues of research. Our stochastic mesoscopic framework
showed how evolutionary dynamics leads to superlinearity
through the competition and consolidation of different tu-
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mour subpopulations. However, evolutionary steps could be
based on mutations or phenotypic variability. When an ini-
tial driver mutation appears locally in space, even when it
is more advantageous, it requires some time to consolidate.
During this time window our simulations showed a continu-
ous acceleration due to the fact that an increasing number of
cells bear this new genotype. However, once this mutation is
consolidated, a plateau could develop, provided no new driver
mutations have appeared in the meantime. For our choice of
parameters the effective dynamics resulting from our discrete
simulations was in general superlinear, in agreement with our
observations based on patient and animal experimental data.

The specific mechanisms leading to an increase in the pro-
liferation with the tumor physical size could differ between
types of cancers. Some of them could be of evolutionary na-
ture related to genotype or phenotype changes as discussed
before, involve the random selection of higher fitness val-
ues [31], as well as to the possibility of acquiring drivers
before deleterious passengers [32], etc. Other potentially rel-
evant processes arise in the interplay of glycolysis and tu-
mour vascularization and oxygenation, such as the onset of
the Warburg effect induced by hypoxic episodes. Others
could be related to changes in the interaction between the
tumour and the surrounding tissue, the action of the im-
mune system, alterations in the tumour microenvironment
such as acidosis [33]. Some of these effects, while possibly
driven by mutational alterations, may in fact be ecological
in nature. It is interesting to point out that small tumors
below the spatial scale studied here, may have superlinear
behaviour due to different reasons: Allee effect models in
ecology have decreased growth rates at smaller tumor sizes,
and these produce growth curves that are potentially indis-
tinguishable from superlinear growth laws when fitting a few
points from data. Other size-related effects for small tumors
may involve the interaction with the immune system: small
tumors may struggle to outgrow the immune system at first,
but once they creep up to a large enough size, the immune
death would become negligible.

Our results emphasise the need to gain a better under-
standing of the evolutionary steps in different tumour his-
tologies and to target these transformations to avoid growth
acceleration. They also raise the question of whether working
with experimental tumour models that show slower than su-
perexponential growth could miss essential features of cancer
dynamics. Finally, the role played by allometric scaling laws
in human cancers under different therapies and the ultimate
development of resistances has not yet been explored.

In summary, we have found superlinear metabolic scal-
ing laws in human cancers. These laws differ substantially
from the Kleiber’s law governing many life forms, and point
to accelerated growth due to underlying evolutionary dy-
namics selecting more aggressive subpopulations. Longitu-
dinal volumetric data from malignant tumours shows explo-
sive growth beyond classical growth-limited or exponential
laws. Our mathematical models, assuming intrinsic evolu-
tionary dynamics, put forward a mechanistic explanation for
the observed phenomenology and predict that the emergence
of superlinear scaling laws is an inherently three-dimensional
phenomenon. We hope this study will stimulate further ac-
tivity in the field of allometric scaling laws in cancer.
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Methods
Patients and image acquisition. Several patient datasets were
included in our study. Patient subgroups 1-6 were used for
the construction of the scaling laws (1,2,4,5 also for the sur-
vival studies). Patient subgroups 7-10 were used for the study
of the longitudinal tumour volumetric dynamics. Overall sur-
vival (OS) was determined as the time from pretreatment
imaging to death or last follow-up.

Breast Cancer Patients (subgroup 1). All reported patients
were participants of a multicenter prospective study started
in September 2009. The study was approved by the Insti-
tutional Review Board (IRB), and written informed consent
was obtained from all patients. The inclusion criteria were
the following: (1) newly diagnosed locally advanced breast
cancer with clinical indication of neoadjuvant chemotherapy
(NC), (2) lesion uptake higher than background, (3) absence
of distant metastases confirmed by other methods previous
to the request of the PET/CT for staging, and (4) breast
lesion size of at least 2 cm. 54 patients (100% women, age
rank 25-80, median 50 years) were included in this dataset.
Of them 18% were lobular carcinoma and 82% ductal car-
cinomas. The TNM data were: 54% T2, 18% T3, 28% T4;
28% N0, 55% N1, 6% N2, 11 % N3; 100% M0.

PET/CT examinations were performed on the same ded-
icated whole-body PET/CT scanner (Discovery DSTE-16s,
GE Medical Systems) in three-dimensional (3D) mode. The
acquisition began 60 minutes after intravenous administra-
tion of approximately 370 MBq (10 mCi) of 18F-FDG and
was performed following a standardized protocol. The image
voxel size was 5.47 mm × 5.47 mm × 3.27 mm, with a slice
thickness of 3.27 mm and no gap between slices. Matrix size
was 128 × 128.

Head & Neck cancer patients (subgroup 2). These pa-
tients were obtained from the The Cancer Imaging Archive
(TCIA) [34] Head-Neck-PET-CT collection (H& N1 data
set) [35]. This cohort was composed of 92 patients with pri-
mary squamous cell carcinoma of the head-and-neck (stages
I-IV) treated between 2006 and 2014 at Hopital General Juif,
Montreal, QC. 76 consecutive patients from this subset satis-
fying the inclusion criteria (availability of pretreatment PET
studies, presence of a well-defined primary tumour and lesion
size larger than 2.0 cm) were included in our study. Data for
the cohort were: age rank 18-84, median 62 years; 63 male,
13 female; 13 cancers of larynx, 3 hypopharynx, 11 nasophar-
ynx, 49 oropharynx. Staging data are 3 stage II, 1 stage IIB,
26 stage III, 44 stage IVA, 2 stage IVB. Finally, the TNM
information is 11 T1, 19 T2, 34 T3, 12 T4; 11 N0, 16 N1, 7
N2a, 27 N2b, 13 N2c, 2 N3; 72 M0, 4 Mx.

Eligible patients had FDG-PET scans obtained on a hy-
brid PET/CT scanner (Discovery ST, GE Healthcare) within
37 days before treatment (median: 14 days). A median of 584
MBq (range: 368-715) was injected intravenously. Imaging
acquisition of the head and neck was performed using mul-
tiple bed positions with a median of 300 s (range: 180-420)
per bed position. The slice thickness resolution was 3.27 mm
for all patients and the median in-plane resolution was 3.52
× 3.52 mm2 (range: 3.52-4.69).

Rectal cancer (subgroup 3). A retrospective observational
study (SCALAWS: Scaling laws, shape factors and fractal
measures in human cancers) was designed and approved by
the IRB of the participating institutions. Inclusion criteria
were: histological confirmation of advanced rectal cancer di-
agnosis, availability of pretreatment PET/CT and lesion size
larger than 2 cm. A total of 23 rectal cancer patients (16
male, 7 female, age rank 54-80, median age 72 years) from
the period October 2007 to October 2009 were included in the
study. PET/CT examinations were performed on the same

dedicated whole-body PET/CT scanner (Discovery DSTE-
16s, GE Medical Systems) in three-dimensional (3D) mode.
The acquisition began 60 minutes after intravenous adminis-
tration of approximately 370 MBq (10 mCi) of 18F-FDG and
was performed following a standardized protocol.

Lung cancer (subgroup 4). 175 patients (153 men, 22 women,
age rank 41-84, median 65 years) were included in the
SCALAWS study from a dataset of lung cancer patients that
received surgery in the period June 2007 to December 2016.
Histologies were 63 squamous cell carcinoma and 112 adeno-
carcinoma. Staging information was: 69 stage I, 70 stage II,
33 stage III, 3 stage IV. The N staging was 107 patients N0,
46 N1 and 22 N2. All patients had M0. PET protocol and
machine were as in subgroup 1. We set the inclusion criterion
that minimal lesion size should be larger than 2.0 cm.

Gliomas (subgroup 5). A prospective multicenter and non-
randomized study was designed (FuMeGA: Functional and
Metabolic Glioma Analysis), and approved by the IRB of the
participanting institutions. Informed consent was obtained
from all patients. Patients were included consecutively. A
basal 18F-fluorocholine PET/CT was performed in patients
suspicious of glioma after magnetic resonance imaging (MRI)
with an operable brain lesion and a good performance sta-
tus (ECOG≤2). For the present analysis, only patients with
pathologically confirmed brain glioma, and unifocal lesions of
size larger than 2.0 cm were included. Our study included 44
patients from the period 2017-2019 (15 women, 29 men), age
rank 23-79, median 60 years. Histologies were 32 glioblas-
toma IDH1wt, three glioblastoma IDH1mut, two oligoden-
droglioma, four difuse astrocytoma and three anaplastic as-
trocytoma.

PET/CT scans were performed in the same hybrid equip-
ment (Discovery DSTXL-1, General Electric). PET adquisi-
tion was initiated 40 min after the intravenous administration
of 185 MBq of 18F-Fluorocholine. First, a brain scan was
performed starting with a low-dose CT transmission study
(modulated 120 kV and 80 mA) without intravenous con-
trast followed by a tridimensional (3D) emission study with
an acquisition time of 20 min (one single bed), voxel size of
2.3 × 2.3 × 3.3 mm in a matrix of 128 × 128 and reconstructed
using the CT images for attenuation correction and applying
an iterative reconstruction algorithm.

Breast cancer patients (subgroup 6). Pretreatment 18F-FLT
PET/CT scans of patients of the American College of Radiol-
ogy Imaging Network (ACRIN) 6688 observational, nonran-
domized, multicenter phase II study available in the TCIA
(ACRIN-FLT-Breast) were included in the study [36]. This
dataset included histologically confirmed breast cancer pa-
tients (100% women), of them 46.8% premenopausal and
52.2% postmenopausal. TNM were 3% TX, 1% T1, 47%
T2, 34% T3 and 14% T4; 3% NX, 29% N0, 51% N1, 11% N2,
6% N3; and 100% N0.

Inclusion criteria were: (1) primary breast cancer measur-
ing 2.0 cm or more, (2) being a candidate for neo-adjuvant
chemotherapy and surgical resection of residual primary tu-
mour after chemotherapy, and (3) no evidence of stage IV
disease. All patients received a baseline pretreatment 18F-
FLT PET/CT study within 4 weeks before NAC initiation.
After the injection of 2.6 MBq/kg (mean, 167 MBq; range,
110-204 MBq), a whole-body image (5-7 bed positions) was
obtained at 60 min (mean, 70 min; range, 50-101 min). All
patients were scanned on calibrated and ACRIN- accredited
PET/CT scanners, which included review of image quality
and testing of SUVs using a uniform phantom and review of
images. 75 patients were included in the study (100% female,
age rank 22-83 y, median 50 y).

Brain metastasis patients (subgroup 7). Patients included
were participants in the study METMATH (Metastasis
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and mathematics), a retrospective multicenter and non-
randomized study approved by the IRB of the participanting
institutions. We reviewed the METMATH records to look
for patients satisfying the following inclusion criteria: pa-
tients diagnosed of brain metastasis of a primary lung cancer
with an untreated lesion with three or more consecutive MRI
studies before treatment. Five patients satisfied the inclu-
sion criteria. Patients data were: four women, one man; age
rank 38-67, median 52 years. Primaries were four non-small
cell lung cancer and one breast luminal b cancer. For these
patients only the dynamics of the brain metastases were an-
alyzed. A total of 16 imaging studies were included, the rank
of studies per patient being 3-4.

Postcontrast T1-weighted sequence was gradient echo us-
ing 3D spoiled-gradient recalled echo or 3D fast-field echo
after intravenous administration of a single-dose of gadobe-
nate dimeglumine (0.10 mmol/kg) with a (6-8)-min delay.

All MRI studies were performed in the axial plane with
either a 1.5 T Siemens scanner, a 3 T Philips scanner and a
1 T Philips scanner. Imaging parameters were no gap, slice
thickness of 1 - 1.6 mm, 0.438-0.575 mm xy resolutions, and
0.8 - 1.3 mm spacing between slices.

Lung cancer patients (subgroup 8). Patients included were
participants in the study SCALAMATH. Five patients (3
men, 2 women) were included. Three of them were diag-
nosed as adenocarcinoma and two as squamous cell carcino-
mas. Age rank was 60-72 years (median 68). All of them were
initially stage I tumours and progressed without treatment.

We drew from the database of follow-up screenings in
I-ELCAP between 2008 and 2019, which were performed
according to a common protocol [37] using low-dose CT
(LDCT). Enrollment was limited to those aged 50 years or
older, with a smoking history of at least 10 pack-years, no
previous cancer and general good health. Participants har-
boring parenchymal solid or part-solid non calcified nodule
with at least three or more follow-up CTs were identified ac-
cording to specified criteria in the protocol. A total of 22
imaging studies were used, the rank of studies per patient
being 3 to 6 (mean 4).

Thoracic CT scans used a 16 acquisition channels mutide-
tector computed tomography (Siemens Emotion 16, Erlan-
gen, Germany) with maximum section collimation of 1 mm,
0.7 mm of spacing between slices, 1 mm of slice thickness
and a range of xy resolution of 0.584 - 0.783 mm. The CT
scans were done at 120 kVps y 30 mAs, and less than 1 s
tube rotation time. Contiguous images were reconstructed in
the trans-axial plane using 1 mm thickness. Lung image sets
were reconstructed with a high frequency algorithm and me-
diastinal image sets were reconstructed with an intermediate
frequency algorithm.

Lung cancer diagnosis was made by histopathological ex-
amination of needle core biopsy or resection specimens, or
by cytopathological examination of bronchoscopic or needle
aspiration biopsy samples. Resected tumours were classified
using the WHO classification of lung neoplasms. Adenocarci-
nomas were classified according to the International Associa-
tion for the Study of Lung Cancer American Thoracic Society
European Respiratory Society classification of lung adenocar-
cinoma. All lung cancer diagnoses were centrally reviewed.
The tumours were staged using the International Association
for the Study of Lung Cancer Staging Guidelines [37].

Low-grade glioma patients (subgroup 9). 82 patients diag-
nosed of grade II gliomas (biopsy/surgery confirmed astro-
cytoma, oligoastrocytoma or oligodendroglioma according to
the WHO 2007 classification) and followed at the Bern Uni-
versity Hospital between 1990 and 2013 were initially in-
cluded in the study. The study was approved by Kantonale
Ethikkommission Bern (Bern, Switzerland), with approval
number: 07.09.72.

Of that patient population, we selected patients receiv-

ing either no treatment or only surgery for which at least
five post-surgery consecutive images showing tumour growth
were available. Six patients satisfied our inclusion criteria.
Patients data were: age rank 29-50, mean 37 years. All of
them were initially diagnosed as grade II gliomas (four astro-
cytomas and two oligodendrogliomas). A total of 34 imaging
studies were used, the rank of studies per patient being 4 to
7 (mean 6).

Lung hamartoma patients (subgroup 10). Six patients (five
men, one woman; age rank 51-63, median 58 years) di-
agnosed of lung hamartomas participants of the protocol
SCALAMATH with longitudinal follow-up were included in
the study. Imaging methods were the same as in subgroup 8.
A total of 46 imaging studies were used, the rank of studies
per patient being 5 to 12 (mean 8).

PET image analysis (patient subgroups 1-6). At least an
experienced nuclear medicine physician and an imaging engi-
neer independently assessed the PET scans in an Advantage
Windows station (v.4.). In case of discordance a third evalu-
ator revised the images. In the visual evaluation, a PET scan
was considered as positive if any uptake, higher than normal
tissue background, was detected. Only positive PET scans
were considered for tumour segmentation, i.e. those having a
SUVmax larger than twice the background activity readings.

PET images in DICOM (Digital Imaging and Communica-
tion in Medicine) files were imported into the scientific soft-
ware package Matlab (R2018b, The MathWorks, Inc., Nat-
ick, MA, USA). The tumour PET images were first manually
placed in a 3D box and then semi-automatically delineated
using a grey-level threshold chosen to identify the metabolic
tumour volume. Then, segmentations were corrected manu-
ally slice by slice. An in-house software was developed under
Matlab software based on its image processing toolboxes, al-
lowing the segmentations to be corrected on a tablet using a
digital pencil.

All segmentations were performed by at least a nuclear
medicine physician and an imaging engineer, both with more
than 5 years of experience in tumour segmentation. In many
cases one or two additional segmentations by imaging engi-
neers were performed to verify the robustness of the method-
ology and to obtain consensus segmentations. Physiologi-
cal activity contiguous with tumour uptake, as e.g. choroid
plexus or skull in the brain, was manually excluded from the
tumour segmentations. To avoid observer dependent biases,
for those tumour histologies well separated from surrounding
structures with physiological uptake an automatic segmenta-
tion algorithm was developed (see next subsection).

The radiotracer standardized uptake values (SUV) were
computed for each voxel using the formula

SUV =
Sv × RS × W

RTD × DF × eln(2)Et/HF
. (3)

Where Sv is the stored value, RS the rescaled slope, W is the
patient weight, RTD is the radiopharmaceutical injected dose
and HF its half-life, DF is the decay factor, and Et is the
elapsed time for each slice processed.

Global metabolic parameters were obtained, specifically
the metabolic tumour volume (MTV, the volume of the VOI
after segmentation) and the total lesion activity (TLA, the
sum of all local SUV values over the VOI). Also relevant lo-
cal metrics such as the maximum value of the SUV over the
segmented lesion was stored (SUVmax). Since radiotracer
uptake is very low in necrotic areas, they typically do not
contribute to TLA and MTV.

Automatic Segmentation algorithm for PET images. An
automatic segmentation algorithm was designed and imple-
mented in Matlab to carry out the segmentations of tumours
in patient subgroups 1, 4, and 6.
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Each PET image contains a spatial map of the SUV activ-

ity (u(*x)). Each SUV threshold defines an isosurface in the
function u. This means that the isosurfaces are parametrized
by the threshold values (u∗) and all of the threshold-based
potential segmentations of the bulk tumour are indeed isosur-
faces of u(*x). The contour that better delineates the tumour
is the one that maximizes the contrast in the image over the
adjacent isosurfaces. To quantify this, we used the functional

F (u∗; λ) = (1 − λu∗)
∫
{ *x/u(*x)=u∗ }

|∇u|2 dS, (4)

that was computed for each image and each possible thresh-
old value u∗. The surface integral of the squared gradient
quantifies the variation in SUV over the isosurface of SUV
level u∗. The factor (1 − λu∗) was chosen to penalize higher
SUV values in order to get a more accurate delineated zone.
For each image, the functional (4) was computed for every
possible threshold value u∗ from the maximum SUV in the
image. The value u∗ that maximizes (4) was then selected as
segmentation threshold and, therefore, the corresponding iso-
surface used as bulk segmentation. This is an example of vari-
ational, gradient based segmentations that have been used in
the literature of PET segmentation such as the method of
snakes [39, 40], although in three-dimensional scenarios and
restricting the contours to isosurfaces.

The value of the parameter λ = 0.26 was selected by per-
forming an optimization process where a set of breast and
lung tumour segmentations performed by a board of three
imaging engineers were used as ground truths and compared
to those provided by variable values of λ. Note that the case
λ = 0 corresponds to the choice of the tumor areas with
stronger gradients and allows for the segmentation of the tu-
mor core, excluding the lower densities halos surrounding the
higher SUV values tumor regions.

For the application of the method, a point belonging to
the tumour has to be chosen initially. While the isosurface of
a given value might be extensive along the domain, only the
part enclosing the initial point are taken into account for the
calculations. After having selected the points the SUV range
for the image is divided in 512 equally distributed partitions
which constitute a discretization for the possible threshold
points u∗. The functional (4) is then applied using descending
values for u∗ starting from SUVmax. The process is contin-
ued until a local maximum for F (u∗; λ) is found. When this
maximum is followed by a concatenation of five points with a
strictly descending tendency the algorithm stops and the u∗
that maximizes the functional is used as threshold value.

MRI image analysis (patient subgroups 7 & 9). Brain metas-
tasis T1-weigthed images were collected in DICOM format
and analysed by the same image expert (OLT, 2 years of
expertise on tumour segmentation). The methodology was
the same as described for patient subgroups 1-6. After the
segmentations an experienced radiologist (EA) revised and
validated the tumour delineation.

For the study of patients in subgroup 9, T2/FLAIR MRI
studies were used to define the tumour volume. Radiologi-
cal glioma growth was quantified by manual measurements
of tumour diameters on successive MRI studies (T2/FLAIR
sequences). Since some of the older patients were available
only as jpeg images we computed the volume using the el-
lipsoidal approximation. The three largest tumour diameters
(D1,D2,D3) along the axial, coronal and sagittal planes were
measured and tumour volumes estimated using the equation
V = (D1 · D2 · D3)/2, following the standard practice [41].

CT image analysis (patient subgroup 8, 10). Patients in-
cluded were participants in the study SCALAMATH. CT im-
ages of lung cancer nodules were obtained in DICOM format.
An experienced radiologist (EA) localized the lesion and then

an image expert (OLT) performed the segmentations follow-
ing the same methodology as with subgroups 1-7.

Glioma cells. Primary glioma cells (L0627) were kindly pro-
vided by Rosella Galli (San Raffaele Scientific Institute, Mi-
lan, Italy) and were grown in complete medium: Neurobasal
(Fisher) supplemented with B27 (1:50) (Fisher); Glutamax
(1:100) (Fisher); Penicillin-streptomycin (1:100) (Lonza); 0.4
% heparin (Sigma-Aldrich); 40 ng/ml EGF and 20 ng/ml
bFGF2 (Peprotech). Cells were passaged after enzymatic
disaggregation using Accumax (Milipore). In order to mon-
itor tumour growth, cells were infected with lentiviral parti-
cles expressing Fluc (pLV-Hygro-EF1A-Luciferase) (Vector-
Builder) and selected in the presence of Hygromycin.

Mouse glioma xenografts. We injected primary glioma cells
expressing the luciferase reporter gene into the brain of nude
mice. One month after the injection, we started monitoring
the animals weekly using IVIS Spectrum In vivo Imaging Sys-
tem. The Total Flux (in photons per second) was measured to
assess tumour growth. Animal care and experimental proce-
dures were performed in accordance to the European Union
and National guidelines for the use of animals in research
and were reviewed and approved by the Research Ethics and
Animal Welfare Committee at our institution (Instituto de
Salud Carlos III, Madrid) (PROEX 244/14). Stereotacti-
cally guided intracranial injections in athymic nude Foxn1nu
mice were performed by administering 1×105 L0627 cells re-
suspended in 2 µl of culture media. The injections were
made into the striatum (coordinates: A-P, ±0.5 mm; M-L,
+2 mm; D-V, -3 mm; related to Bregma) using a Hamilton
syringe. One month after the injection we started monitoring
the reporter expression in the tumours. For that, animals
received and intraperitoneal injection of Luciferin (Fisher)
(150mg/Kg) and the Luciferase activity was visualized in an
IVIS Spectrum in vivo imaging system (Perkin Elmer).

Animal studies with H2030-BrM3 cells. The human lung
adenocarcinoma brain tropic model H2030-BrM [25] was in-
jected into the heart of nude mice in order to induce the for-
mation of brain metastasis from systemically disseminated
cancer cells. Brain colonization and growth of metastases
were followed using non-invasive bioluminescence imaging
since BrM cells express luciferase. Upon administration of
the substrate D-luciferin, bioluminescence generated by can-
cer cells was measured over the course of the disease. The
increase in photon flux values is a well established correlate
of tumour growth in vivo [25, 42].The experiments were per-
formed in accordance with a protocol approved by the CNIO,
Instituto de Salud Carlos III and Comunidad de Madrid In-
stitutional Animal Care and Use Committee. Athymic nu/nu
(Harlan) mice of 4-6 weeks of age were used. Brain col-
onization assays were performed by injecting 100 µl PBS
into the left ventricle containing 100,000 cancer cells. Anes-
thetized mice (isofluorane) were injected retro-orbitally with
d-luciferin (150 mg/kg) and imaged with an IVIS Xenogen
machine (Caliper Life Sciences). Bioluminescence analysis
was performed using Living Image software, version 3.

Cell culture. H2030-BrM3 (abbreviated as H2030-BrM) was
cultured in RPMI1640 media supplemented with 10% FBS,
2 mM l-glutamine, 100 IU ml-1 penicillin/ streptomycin and
1 mg ml-1 amphotericin B.

Statistical analysis. In Figure 1, the linear regressions of
the HQ; (MTV) versus HQ; (TLA) data to construct the scal-
ing laws were performed using the Matlab Statistics and Ma-
chine Learning toolbox command fitlm. In Figure 2, the
nonlinear fittings were carried out by fixing the optimum β
for all patients of the same cancer type allowing only for the
personalization of the growth parameter α. This approach
substantially reduced the number of free parameters. Thus,
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for every set of N patients with the same cancer type hav-
ing a total of M(> 3N) data points we fitted the N values of
α. For each cancer type, the value for β that was used was
the one providing the smallest mean squared error. To fit
the longitudinal tumour volumetric dynamics to the model
(1) with different values for β = 3/4, 1, 5/4 and optimum
we used least squares. The optimization procedure was per-
formed employing Matlab (R2016b, The MathWorks, Inc.,
Natick, MA, USA) function fmincon.

The Harrell’s concordance index (c-index) [43] was com-
puted to evaluate the model’s capacity to discriminate pa-
tient subgroups with different survival. We computed the
c-index for each possible threshold α in the scaling law
HQ; TLA = HQ;(α) + 5

4 HQ; MTV or the metabolic variables
(TLA, MTV) splitting the patient population into two groups
(values above and below the line) and searched for the non-
isolated significant values (p < 0.1) obtaining the highest
value of the c-index. Kaplan-Meier curves were constructed
to compare both populations and the log-rank two-tailed test
used to compute the c-index. When either no curves with
p < 0.1 were found or the best c-index obtained was below
the value 0.7, the variable under study was considered to be
unable to classify patients accurately in terms of survival.
Mesoscale tumour growth simulator. To perform the simula-
tions, we defined 3D spatial grids of up to 80 × 80 × 80 cubic
voxels, each unit having 1 mm3, in line with typical voxel
sizes available in high spatial resolution morphological imag-
ing. Thus, our computational volume was 512 cm3, enough to
explore tumour sizes from undetectable to life-incompatible
in some tumour types. The basic cellular agents were clonal
populations. A given clonal population could gain or lose
cells depending on different biological processes incorporated
into the mathematical model: mitosis, migration, cell death
or trait variations due to either phenotype changes or muta-
tions. Cells in the same subpopulation behave in the same
way, except for intrinsic noise resulting in stochastic transi-
tions. We considered four genotypes, differing in their prolif-
eration and apoptotic rates. Initially, in all simulated scenar-
ios, only a single genotype (genotype 1) was occupying the
central voxel of the grid. At each time step, cells could prolif-
erate, die, migrate and/or mutate, mimicking the behaviour
of a tumour. For mitosis, we calculated at each iteration
the number of cells undergoing proliferation, according to a
probability Prep. This probability was estimated to be pro-
portional to the ratio between the current population inside
the voxel and its carrying capacity (maximum number of cells
it could accommodate). Each single cell attempting to divide
was regarded as a Bernoulli experiment, with two possible
outcomes: division (with probability Prep) or not (with prob-
ability 1−Prep). As a clonal population is made up of N cells,
N repetitions of the same Bernoulli experiment will follow a
binomial distribution. Thus, newborn cells were randomly
sampled from a binomial distribution with parameters n = N
and p = Prep. For apoptosis, at each time step, we calculated
how many dead cells an isogenic subpopulation had produced
according to a given probability Pdeath, which decreased for
increasing genotype number (from 1 to 4). The number of
cells undergoing death was randomly sampled from a bino-
mial distribution, in a similar way as in a proliferation event.
For migration, at each time step, we computed the discrete
Laplacian operator, which involved a cell gradient between a

given voxel and the surrounding ones (von Neumann neigh-
bourhood, six surrounding voxels in a 3D regular mesh). In
this way we estimated which were the less populated vox-
els compared to the considered one. According to a given
probability Pmig, we calculated how many cells were migrat-
ing, and how many would distribute within the neighbouring
voxels. The number of cells migrating to each adjacent voxel
was obtained by a random sampling of a multinomial dis-
tribution with parameters n = N, and six probabilities pi
being proportional to the cell gradient between adjacent vox-
els. Finally, mutation was modelled as a Markov chain. Cells
having the genotype 1 could mutate into genotypes 2 or 3,
but genotype 4 was only accessible through these two. For
simplicity, the mutation probabilities were equal for all geno-
typic transitions. If a mutation event was successful, then a
cell having the new genotype remained inside the same voxel
during that time step. The temporal evolution of the tumour
proliferation activity was obtained as a ratio between the dif-
ference of the total cell population at the latest time step and
the previous time step divided by the duration of the time
step. This method allows to both have realistic cell based dy-
namical rules, as in on-lattice individual-based models, but at
the same time we can reach realistic tumour sizes with a high
but achievable computational cost. The simulator was imple-
mented in Julia (version 1.1.1). Simulations were performed
on a network of 12-core 64 GB memory 2.7 GHz Mac Pro
and 12-core 128 GB memory 2.0 GHz iMac Pro machines.
Computational cost per simulation was about 2 hours per
run in single-processor mode. A more detailed description
of the mesoscale simulator is provided in the Supplementary
Information Section S3.
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S1. Allometric scaling equation
We begin by considering the metabolic rate of a tumour to be
B ∝ Vβ , where V is the total volume occupied by viable cells
and β > 0 is the scaling exponent. Due to energy conser-
vation, the temporal dynamics of tumour growth is given by
B = aV + b dV

dt , where the first and second right-hand terms
represent cell maintenance and proliferation, respectively [1].
The resulting first-order differential equation describing the
time variation of V = V(t) can thus be written as

dV
dt
= −γV + αVβ, (S1)

with γ > 0 and an initial condition for the tumour volume at
time t = t0, V(t0) = V0. This is a Bernoulli-type ordinary
differential equation (ODE) when β ! 1. The substitution
z(t) = V1−β transforms (S1) into a linear ODE

dz
dt
= (1 − β) (α − γz) , (S2)

which can be solved exactly. The solution in closed form for
V(t) is

V(t) =
⎡⎢⎢⎢⎢⎢⎣
α −

(
α − γV1−β

0

)
eγ(β−1)(t−t0)

γ

⎤⎥⎥⎥⎥⎥⎦

1/(1−β)

. (S3)

If β > 1, Eq. (S3) blows up in a finite time tcrit given by

tcrit = t0 +
1

(β − 1)γ log
(

α

α − γV1−β
0

)
. (S4)

The case α − γV1−β
0 < 0 corresponds to initial data with

tumours having nutrient demands exceeding the supplies, thus
we focus on the case α − γV1−β

0 > 0.
For highly aggressive tumours the contribution of the term

−γV , associated with cell death, is much smaller than that of

proliferation. Hence, neglecting such a linear term, which is
equivalent to letting γ → 0, reduces (S3) and (S4), respec-
tively, to the formulas used in the main text of the work

V(t) =
[
V1−β

0 − α(β − 1)(t − t0)
]1/(1−β)

, (S5)

tcrit = t0 +
V1−β

0
(β − 1)α . (S6)

S2. Derivation and analysis of the continuous
volume-dependent proliferation-rate model
S2.1. Introduction
Here we shall both provide a derivation and study in some
detail the dynamics of the continuous spatio-temporal model

∂u
∂t
= D∇2u + (ρ0 + ρ1N(t))

(
1 − u

K

)
u , (S7)

where u = u(x, t) is the tumour cell density, which is a function
of space x and time t. The parabolic equation (S7) represents
a non-local extension of the well-known Fisher-Kolmogorov
partial differential equation [2]. The first term on the right-
hand side of (S7) accounts for tumour cell migration that re-
sults in invasion of the surrounding tissue, with D > 0 denot-
ing a characteristic cell diffusion constant. The second term
on the right-hand side of (S7) reflects tumour cell prolifer-
ation. Here, ρ0 > 0 and ρ1 ≥ 0 are the size-independent
and size-dependent effective proliferation rates, respectively.
When ρ1 = 0, the standard (local) Fisher-Kolmogorov equa-
tion is recovered. If, however, ρ1 > 0, Equation (S7) becomes
non-local because it depends on the total number of cells

N(t) =
∫
Ω

u(x, t) d3x, (S8)

withΩ denoting a sufficiently large volume containing the full
tumour over its entire development, or the whole Rd , where d

1



V.M.Pérez-García et al

is the spatial dimension (d = 1, 2, or 3). This model adds spa-
tial information with respect to the previous model (S1) and
regards that the total proliferation rate may depend on tumour
size, on the grounds that a larger tumour will lead to higher
accumulated mutational events.

Equation (S7) is supplemented with homogeneous Neu-
mann boundary conditions (no cell flux) ∂u/∂n = 0, ∀x ∈
∂Ω, where n is the vector normal to the boundary ∂Ω, to-
gether with an initial condition u(x, t = t0) = u0(x), which
represents the tumour cell-density distribution at some instant
t = t0. In our simulations, u0(x) was initially assumed to be
very small and highly localized (e.g. a carcinoma in situ), so
as to describe an emergent tumour that unfolds in time.

One key dynamical quantity to be analysed later on is the
total proliferation activity (or metabolic rate) which, in the
context of the above model (S7), can be defined as

M(t) = dN
dt
= (ρ0 + ρ1N(t))

∫
Ω

(
1 − u

K

)
u d3x. (S9)

The right-hand side of this expression readily follows from in-
tegrating (S7) over the domain Ω and imposing the Neumann
boundary conditions.

It will also be convenient to introduce unitless time τ = ρ0t
and space ξ =

√
ρ0/D x variables, together with a normalised

cell density u(ξ, τ) ≡ u/K . Hence, (S9) reads as

M(τ) = (1 + ηN(τ))
∫
Ω
(1 − u) u d3ξ, (S10)

where η = ρ1KDd/2/ρ(d+2)/2
0 . Thus, the non-local Fisher-

Kolmogorov equation (S7) can be cast as a one-parameter
model, which makes its formal analysis simpler.

For sufficiently long times, the angular dependencies of the
solutions of the FK equation become negligible with respect
to the distance variable. To identify the underlying scalings of
(S7), it suffices to focus on the radial dependence in u. Thus, in
(S10), the differential element reduces to d3ξ = B(d)ξd−1dξ,
where B(1) = 2, B(2) = 2π and B(3) = 4π, with ξ ∈ [0,∞)
being the radial variable.

S2.2. Derivation of the non-local Fisher-Kolmogorov
model

We begin by considering the tumour cell population to be
structured both by its spatial position vector x ∈ Ω ⊂ Rd
and by a net proliferation rate ρ ∈ [0, ρmax], where ρmax rep-
resents a maximum proliferation rate (for practical purposes
it can be taken sufficiently large since it does not restrict our
analysis). Let w = w(x, ρ, t) denote a cell density function
such that w(x, ρ, t)d3xdρ is the number of tumour cells that,
at time t, have a proliferation rate ρ at point x. We describe the
dynamics of w(x, ρ, t) via the following migration-selection-
mutation integro-differential equation:

∂w

∂t
= Dm(ρ)∇2w + Dρ

∂2w

∂ρ2

+

(
ρ + ν

∫
Ω

∫ ρmax

0
ρ′M(ρ, ρ′)w(x′, ρ′, t)d3x′dρ′

)

×
(
1 − 1

K

∫ ρmax

0
w(x, ρ′, t)dρ′

)
w(x, ρ, t) . (S11)

The first term on the right-hand-side accounts for cell migra-
tion with a diffusion constant Dm(ρ) that generally depends
on the proliferation rate of that cell subpopulation. The sec-
ond term captures the effect of non-genetic instability, which
is mediated by fluctuations in the proliferation phenotype that
take place with a diffusion rate Dρ. The proliferation phe-
notype is a hallmark in tumours resulting from alterations in
growth regulation [3]. The third term consists of two main
factors. The first factor comprises selection plus the effect of
genetic mutations. Those cells with a larger ρ will tend to
have a fitness advantage unless exogenous mechanisms exert
a detrimental action on such cells. The kernel M(ρ, ρ′) repre-
sents the probability that the mutation of a cell with prolifera-
tion rate ρ′ gives rise to a daughter cell having a proliferation
rate ρ. For a genetic change to occur it is necessary a prolifer-
ative event, which explains the presence of ρ′ in the integral.
Notice also that an integration over all cells experiencing a
mutation resulting in a proliferation rate ρ is taken weighted
by the positive constant ν. Such an integration reflects the col-
lective impact of the tumour microenvironment in promoting
genetic mutations. The second factor corresponds to cell sat-
uration with a carrying capacity K (maximum number of cells
per unit volume), avoiding arbitrarily large densities.

Upon integration of (S11) over ρ and making use
of the mean value theorem for integrals, together with∫ ρmax
0 w(x, ρ, t)dρ = u(x, t), we get the following expressions

∫ ρmax

0

(
∂w

∂t

)
dρ =

∂u
∂t
, (S12)

∫ ρmax

0

(
Dm(ρ)∇2w

)
dρ = D∇2u , (S13)

∫ ρmax

0

(
Dρ
∂2w

∂ρ2

)
dρ = Dρ

∂w

∂ρ

2222
ρmax

0
, (S14)

∫ ρmax

0
ρw(x, ρ, t)dρ = ρ0 u(x, t) , (S15)

where D and ρ0 denote positive characteristic cell diffusion
constant and size-independent proliferation rate, respectively.
If we further impose zero-flux boundary conditions on (S14),
then this contribution vanishes. Also,
∫ ρmax

0

(∫
Ω

∫ ρmax

0
ρ′M(ρ, ρ′)w(x′, ρ′, t)d3x′dρ′

)
w(x, ρ, t)dρ

=

∫
Ω

∫ ρmax

0
ρ′w(x′, ρ′, t)d3x′dρ′

×
(∫ ρmax

0
M(ρ, ρ′)w(x, ρ, t)dρ

)

= u(x, t)
∫
Ω

∫ ρmax

0
ρ′M(ρ∗, ρ′)w(x′, ρ′, t)d3x′dρ′

= ρ1 u(x, t)
∫
Ω

u(x′, t)d3x′ = ρ1 u(x, t)N(t) , (S16)

where ρ1 ≥ 0 is a characteristic size-dependent proliferation
rate. By combining the above expressions in (S11) we finally
arrive at the non-local Fisher-Kolmogorov equation (S7). No-
tice that in the absence of mutations, which would correspond
to M(ρ, ρ′) = 0, we recover the standard (local) FK equation.
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102
<latexit sha1_base64="AAve5LpIzWYePIcu7j9zDUma9mY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBcVTwYvHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvzG570NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyU3md56o0kyKezONqR/hkWAhI9hYqe25D2ltNihX3KqbA60Sb0EqjTrkaA7KX/2hJElEhSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KBI6r9NL92hs6sMkShVLaEQbn6eyLFkdbTKLCdETZjvexl4n9eLzHhlZ8yESeGCjJfFCYcGYmy19GQKUoMn1qCiWL2VkTGWGFibEAlG4K3/PIqadeq3kXVu6tXGtfzNKAIJ3AK5+DBJTTgFprQAgKP8Ayv8OZI58V5dz7mrQVnMXMMf+B8/gBuSI8O</latexit>

102
<latexit sha1_base64="AAve5LpIzWYePIcu7j9zDUma9mY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBcVTwYvHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvzG570NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyU3md56o0kyKezONqR/hkWAhI9hYqe25D2ltNihX3KqbA60Sb0EqjTrkaA7KX/2hJElEhSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KBI6r9NL92hs6sMkShVLaEQbn6eyLFkdbTKLCdETZjvexl4n9eLzHhlZ8yESeGCjJfFCYcGYmy19GQKUoMn1qCiWL2VkTGWGFibEAlG4K3/PIqadeq3kXVu6tXGtfzNKAIJ3AK5+DBJTTgFprQAgKP8Ayv8OZI58V5dz7mrQVnMXMMf+B8/gBuSI8O</latexit>

101
<latexit sha1_base64="YimNPMjcYPblvishWdZnRl0uQRc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9loQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b060HbX0w8Hhvhpl5YSK4sb7/5RVWVtfWN4qbpa3tnd298v5By6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDscX8/89iPThit5ZycJC2IylDzilFgntbB/n+Fpv1zxq34OtEzwD6nUa5Cj0S9/9gaKpjGTlgpiTBf7iQ0yoi2ngk1LvdSwhNAxGbKuo5LEzARZfu0UnThlgCKlXUmLcvX3REZiYyZx6DpjYkdm0ZuJ/3nd1EaXQcZlklom6XxRlApkFZq9jgZcM2rFxBFCNXe3IjoimlDrAiq5EPDiy8ukdVbF51V8W6vUr+ZpQBGO4BhOAcMF1OEGGtAECg/wBC/w6inv2Xvz3uetBe9n5hD+wPv4BmzDjw0=</latexit>

101
<latexit sha1_base64="YimNPMjcYPblvishWdZnRl0uQRc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9loQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b060HbX0w8Hhvhpl5YSK4sb7/5RVWVtfWN4qbpa3tnd298v5By6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDscX8/89iPThit5ZycJC2IylDzilFgntbB/n+Fpv1zxq34OtEzwD6nUa5Cj0S9/9gaKpjGTlgpiTBf7iQ0yoi2ngk1LvdSwhNAxGbKuo5LEzARZfu0UnThlgCKlXUmLcvX3REZiYyZx6DpjYkdm0ZuJ/3nd1EaXQcZlklom6XxRlApkFZq9jgZcM2rFxBFCNXe3IjoimlDrAiq5EPDiy8ukdVbF51V8W6vUr+ZpQBGO4BhOAcMF1OEGGtAECg/wBC/w6inv2Xvz3uetBe9n5hD+wPv4BmzDjw0=</latexit>

100
<latexit sha1_base64="V6hJDvufNfWfrymW1915IBYn9bE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9loQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b060HbX0w8Hhvhpl5YSK4sb7/5RVWVtfWN4qbpa3tnd298v5By6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDscX8/89iPThit5ZycJC2IylDzilFgntbB/n/nTfrniV/0caJngH1Kp1yBHo1/+7A0UTWMmLRXEmC72ExtkRFtOBZuWeqlhCaFjMmRdRyWJmQmy/NopOnHKAEVKu5IW5erviYzExkzi0HXGxI7MojcT//O6qY0ug4zLJLVM0vmiKBXIKjR7HQ24ZtSKiSOEau5uRXRENKHWBVRyIeDFl5dJ66yKz6v4tlapX83TgCIcwTGcAoYLqMMNNKAJFB7gCV7g1VPes/fmvc9bC97PzCH8gffxDWs+jww=</latexit> N(τ)

<latexit sha1_base64="W+XDPYJHkHx4gW8JlSX3tOZKzLg=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0m0oMeAF09SwX5AG8pmu22XbjZhdyKU0B/hxYMiXv093vw3btMetPXBwOO9GWbmhYkUBl3321lb39jc2i7sFHf39g8OS0fHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh+Hbmt564NiJWjzhJeBDRoRIDwShaqXVf6SJNL3qlslt1c5BV4i1I2a9Bjnqv9NXtxyyNuEImqTEdz00wyKhGwSSfFrup4QllYzrkHUsVjbgJsvzcKTm3Sp8MYm1LIcnV3xMZjYyZRKHtjCiOzLI3E//zOikOboJMqCRFrth80SCVBGMy+530heYM5cQSyrSwtxI2opoytAkVbQje8surpHlZ9a6q3kOt7PvzNKAAp3AGFfDgGny4gzo0gMEYnuEV3pzEeXHenY9565qzmDmBP3A+fwAjK496</latexit>

η = 0
<latexit sha1_base64="8m54LiahbgqbrrD0kVO5y8S6E30=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0n6GQ9CwYvHCtYW2lA22027dLOJuxuhhP4JLx4U8erf8ea/cZsqqOiDgcd7M8zM82POlLbtdyu3srq2vpHfLGxt7+zuFfcPblSUSEI7JOKR7PlYUc4E7WimOe3FkuLQ57TrTy8WfveOSsUica1nMfVCPBYsYARrI/UGVGN0juxhsWSXnWrddhrIkHrTabqGuNWGW6kjp2xnKLVqkKE9LL4NRhFJQio04VipvmPH2kux1IxwOi8MEkVjTKZ4TPuGChxS5aXZvXN0YpQRCiJpSmiUqd8nUhwqNQt90xliPVG/vYX4l9dPdOB6KRNxoqkgy0VBwpGO0OJ5NGKSEs1nhmAimbkVkQmWmGgTUcGE8PUp+p/cVExQZeeqVmqdLdOAPBzBMZyCA01owSW0oQMEONzDIzxZt9aD9Wy9LFtz1ufMIfyA9foBtM2PyA==</latexit>
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ξ
<latexit sha1_base64="Uy2Un+rHnFYG/QZ5xKIY4o3F5l0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/cpj1o64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdd594r1R2K24Osky8OSnXqpCj3it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj/LT52QU6v0SRgrW9KQXP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy0KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOkUbgrf48jJpnle8i4p3Vy3XLmdpQAGO4QTOwIMrqMEt1KEBDAbwDK/w5gjnxXl3PmatK8585gj+wPn8AfbBjkA=</latexit>

β < 1
<latexit sha1_base64="tz66BCiaQ211op7+7ZYfY1bEjh8=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe40oIVFxMYygomR5Ah7m71kyd7esTsnhBDwP9hYKGLrz7Hz37i5s9DEB8M83ptlZ16QSGHQdb+cwtLyyupacb20sbm1vVPe3WuZONWMN1ksY90OqOFSKN5EgZK3E81pFEh+F4yuZv7dA9dGxOoWxwn3IzpQIhSMopXuuwFHSi6I1ytX3KqbgSwS74dU6jXI0OiVP7v9mKURV8gkNabjuQn6E6pRMMmnpW5qeELZiA54x1JFI278SbbwlBxZpU/CWNtSSDL194sJjYwZR4GdjCgOzbw3E//zOimG5/5EqCRFrlj+UZhKgjGZXU/6QnOGcmwJZVrYXQkbUk0Z2oxKNgRv/uRF0jqpeqdV76ZWqV8+5nEU4QAO4Rg8OIM6XEMDmsAggid4gVdHO8/Om/OejxacvMM+/IHz8Q0q9pBv</latexit>

β > 1
<latexit sha1_base64="Fo0TYDlEwtlr3sECUjvLUm/4nhA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVgp6k4sVjBVsr7VKyabYNzWaXZFYopeB/8OJBEa/+HG/+G9NdD9r6YJjHexMy84JECoOu++UUlpZXVteK66WNza3tnfLuXsvEqWa8yWIZ63ZADZdC8SYKlLydaE6jQPK7YHQ18+8euDYiVrc4Trgf0YESoWAUrXTfDThSckG8XrniVt0MZJF4P6RSr0GGRq/82e3HLI24QiapMR3PTdCfUI2CST4tdVPDE8pGdMA7lioaceNPsoWn5MgqfRLG2pZCkqm/X0xoZMw4CuxkRHFo5r2Z+J/XSTE89ydCJSlyxfKPwlQSjMnsetIXmjOUY0so08LuStiQasrQZlSyIXjzJy+S1knVO616N7VK/fIxj6MIB3AIx+DBGdThGhrQBAYRPMELvDraeXbenPd8tODkHfbhD5yPby4CkHE=</latexit>
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<latexit sha1_base64="Uy2Un+rHnFYG/QZ5xKIY4o3F5l0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokW9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/cpj1o64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdd594r1R2K24Osky8OSnXqpCj3it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj/LT52QU6v0SRgrW9KQXP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy0KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOkUbgrf48jJpnle8i4p3Vy3XLmdpQAGO4QTOwIMrqMEt1KEBDAbwDK/w5gjnxXl3PmatK8585gj+wPn8AfbBjkA=</latexit>
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<latexit sha1_base64="OVTlxb6lJ8shcU2Xjxl/Ce7Cu1A=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhAiSNjVgDkGvHiMYB6wu4TZyWwyZPbBTI8YQj7DiwdFvPo13vwbJ5scNLGgoajqprsrzARX6Djf1tr6xubWdmGnuLu3f3BYOjpuq1RLylo0FanshkQxwRPWQo6CdTPJSBwK1glHtzO/88ik4mnygOOMBTEZJDzilKCRPF3xn/ilj0Rf9Eplp+rksFeJuyDlRg1yNHulL7+fUh2zBKkgSnmuk2EwIRI5FWxa9LViGaEjMmCeoQmJmQom+clT+9wofTtKpakE7Vz9PTEhsVLjODSdMcGhWvZm4n+epzGqBxOeZBpZQueLIi1sTO3Z/3afS0ZRjA0hVHJzq02HRBKKJqWiCcFdfnmVtK+q7nXVva+VG/V5GlCAUziDCrhwAw24gya0gEIKz/AKbxZaL9a79TFvXbMWMyfwB9bnDx/UkSo=</latexit>

u
(ξ
,τ
)

<latexit sha1_base64="OVTlxb6lJ8shcU2Xjxl/Ce7Cu1A=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYhAiSNjVgDkGvHiMYB6wu4TZyWwyZPbBTI8YQj7DiwdFvPo13vwbJ5scNLGgoajqprsrzARX6Djf1tr6xubWdmGnuLu3f3BYOjpuq1RLylo0FanshkQxwRPWQo6CdTPJSBwK1glHtzO/88ik4mnygOOMBTEZJDzilKCRPF3xn/ilj0Rf9Eplp+rksFeJuyDlRg1yNHulL7+fUh2zBKkgSnmuk2EwIRI5FWxa9LViGaEjMmCeoQmJmQom+clT+9wofTtKpakE7Vz9PTEhsVLjODSdMcGhWvZm4n+epzGqBxOeZBpZQueLIi1sTO3Z/3afS0ZRjA0hVHJzq02HRBKKJqWiCcFdfnmVtK+q7nXVva+VG/V5GlCAUziDCrhwAw24gya0gEIKz/AKbxZaL9a79TFvXbMWMyfwB9bnDx/UkSo=</latexit>

M
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)

<latexit sha1_base64="Skt3HiR/3/LcTzhBalis7hD8GIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0m0oMeAFy9CBfsBbSib7bZdutmE3YlQQn+EFw+KePX3ePPfuE170NYHA4/3ZpiZFyZSGHTdb2dtfWNza7uwU9zd2z84LB0dN02casYbLJaxbofUcCkUb6BAyduJ5jQKJW+F49uZ33ri2ohYPeIk4UFEh0oMBKNopdZ9pYs0veiVym7VzUFWibcgZb8GOeq90le3H7M04gqZpMZ0PDfBIKMaBZN8WuymhieUjemQdyxVNOImyPJzp+TcKn0yiLUthSRXf09kNDJmEoW2M6I4MsveTPzP66Q4uAkyoZIUuWLzRYNUEozJ7HfSF5ozlBNLKNPC3krYiGrK0CZUtCF4yy+vkuZl1buqeg+1su/P04ACnMIZVMCDa/DhDurQAAZjeIZXeHMS58V5dz7mrWvOYuYE/sD5/AEhoY95</latexit>

η > 0
<latexit sha1_base64="g8dePQ+Ujx5Ph/wjaeW1rH4CIR8=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgaZlNYh4XCXjxGMGYQLKE2clsMmT24cysEJb8hBcPinj1d7z5N84mCipa0FBUddPd5cWCK43xu5VbWV1b38hvFra2d3b3ivsHNypKJGUdGolI9jyimOAh62iuBevFkpHAE6zrTS8yv3vHpOJReK1nMXMDMg65zynRRuoNmCboHOFhsYTtWtVx6nWEbVzBlUo5I40z3Kwhx8YLlFpVWKA9LL4NRhFNAhZqKohSfQfH2k2J1JwKNi8MEsViQqdkzPqGhiRgyk0X987RiVFGyI+kqVCjhfp9IiWBUrPAM50B0RP128vEv7x+ov2Gm/IwTjQL6XKRnwikI5Q9j0ZcMqrFzBBCJTe3IjohklBtIiqYEL4+Rf+Tm7LtVGznqlpqNZdpQB6O4BhOwYE6tOAS2tABCgLu4RGerFvrwXq2XpatOetz5hB+wHr9AKVoj70=</latexit>

Figure S1 Local and non-local Fisher-Kolmogorov models lead to different allometric scaling laws. The main plot represents
the dependence of the metabolic rate M(τ) versus the total tumour cell number N (τ). The lines represent trajectories (M(τ), N (τ)
obtained from numerical simulations of Eq. (S7) and different values of the dimensionless parameter η. The shadings indicate the
exponents in each region, light blue β < 1, coral β > 1. Simulations with η = 0, corresponding to the local Fisher-Kolmogorov
equation, provide a sublinear exponent β = 2/3 (blue line). Travelling wave solutions develop from the initial data with a fixed profile
and interface width during propagation (bottom right inset). Simulations with different values of η > 0 (non-local FK equation) show
superlinear behaviour with β close to 4/3, for sufficiently long times τ. The upper left inset shows the sharpening profiles indicating the
acceleration of the front. The black dashed line marks the β = 1 threshold separating sublinearity from superlinearity.

S2.3. Allometric scaling laws in the non-local Fisher-
Kolmogorov model are bounded from above by a su-
perlinear scaling law with β ≤ 2
The solution u(ξ, τ) of the non-local Fisher-Kolmogorov
equation satisfies 0 ≤ u ≤ 1 everywhere. This implies that
(1 − u) u ≤ u. It then follows from (S10) that the metabolic
rate is equal to

M(τ) = (1 + ηN(τ))
∫
Ω
(1 − u) u d3ξ

≤ (1 + ηN(τ))
∫
Ω

u d3ξ

= N(τ) + ηN2(τ). (S17)

As a consequence, the non-local Fisher-Kolmogorov model is
bounded from above by an allometric scaling with exponent
β ≤ 2 if η > 0. Thus, (S17) provides a supersolution for (S9)
given by

Nsup(τ) =
N0eτ−τ0

1 + ηN0 − ηN0eτ−τ0
, (S18)

where N0 is the number of tumour cells at τ = τ0. From (S18),
an upper bound for the blow-up time is given by

τcrit = τ0 + log
(
1 + ηN0
ηN0

)
. (S19)

This time decreases as η increases.

S2.4. Allometric scaling laws in the local Fisher-
Kolmogorov model are sublinear

We wish to find under what conditions there is a scaling rela-
tion between M(τ) and N(τ) (or equivalently the tumour vol-
ume) displaying a superlinear exponent (i.e. β > 1). It is in-
structive to first briefly examine the local Fisher-Kolmogorov
equation. If η = 0 (which occurs when ρ1 = 0), then (S10)

reduces to

MFK(τ) = B(d)
∫ ∞

0
ξd−1 (1 − u) u dξ ≡ B(d)I(d)FK (τ). (S20)

For sufficiently long times τ, the solution to the d-
dimensional local Fisher-Kolmogorov equation satisfies u ≃ 1
up to the wave front, which propagates with a stable and in-
variant profile whose position (at half height) is ξFK(τ), while
its width is a constant 2σFK (that may generally depend on d).
For ξ ≫ ξFK(τ), u ≃ 0. The bottom right inset in Figure S1
depicts the numerical solution of the local Fisher-Kolmogorov
equation in 3D. The wave front tends to move with a constant
velocity equal to 2 (or 2

√
Dρ0 in the original units).

The integral I(d)FK (τ) in (S20) can be accurately approxi-
mated by

I(d)FK (τ) ≃ 1
4d

[
(ξFK(τ) + σFK)d − (ξFK(τ) − σFK)d

]

≃
ξd−1

FK (τ)σFK

2 , (S21)

provided that ξFK(τ) ≫ σFK, which is satisfied asymptoti-
cally. Moreover, over the long time-scale, total cell number
can be approximated by

NFK(τ) ≃ B(d)
∫ ∞

0
ξd−1u(ξ, τ) dξ ≃

B(d)ξdFK(τ)
d

. (S22)

Combining (S21) and (S22) into (S20) we get the following
relation between metabolic rate and total cell number when
the dynamics is governed by a d-dimensional local Fisher-
Kolmogorov equation

MFK(τ) ≃
B(d)σFK

2

(
NFK(τ)d

B(d)

) (d−1)/d
. (S23)

This last expression shows that, within a d-dimensional lo-
cal Fisher-Kolmogorov model, the allometric scaling law is
sublinear, because the exponent β = d−1

d < 1. Hence, there
cannot be explosive tumour growth in this scenario.
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<latexit sha1_base64="DNIQk3Fx4xtVi2AMfGMaKmml0JE=">AAACAHicdVDLSgNBEOz1bXxFPXjwMhiECLLsJEGTW0AQwYuC0UA2hNnJRAdnH8z0imHJxV/x4kERr36GN//GSaKgogUNRVU33V1BoqRBz3t3Jianpmdm5+ZzC4tLyyv51bVzE6eaiwaPVaybATNCyUg0UKISzUQLFgZKXATXB0P/4kZoI+PoDPuJaIfsMpI9yRlaqZPfSDs+ilvUYXZ4PCj6t3LXR5budPIFz/VKtVJpj3gupZV9WrOkWq6W9yihrjdCoV6BEU46+Te/G/M0FBFyxYxpUS/BdsY0Sq7EIOenRiSMX7NL0bI0YqEw7Wz0wIBsW6VLerG2FSEZqd8nMhYa0w8D2xkyvDK/vaH4l9dKsVdtZzJKUhQRHy/qpYpgTIZpkK7UgqPqW8K4lvZWwq+YZhxtZjkbwten5H9yXnJp2aWnlUK9Nk4D5mATtqAIFPahDkdwAg3gMIB7eIQn5855cJ6dl3HrhPM5sw4/4Lx+AIAglwU=</latexit>

u(ξ, τ)
<latexit sha1_base64="jS+7PBnAWREybHaLT+oegc0n4SY=">AAAB8nicdVDLSgNBEOz1GeMr6tHLYBAiyDKbjXncAl48RjAxkIQwO5no4OyDmV4xhHyGFw+KePVrvPk3ThIFFS1oKKq66e4KEiUNUvruLCwuLa+sZtay6xubW9u5nd2WiVPNRZPHKtbtgBmhZCSaKFGJdqIFCwMlLoOb06l/eSu0kXF0gaNE9EJ2Fcmh5Ayt1EkL3Tt53EWWHvVzeeqWS55XqRDqUp/6fnFKqie0ViaeS2fI10swQ6Ofe+sOYp6GIkKumDEdjybYGzONkisxyXZTIxLGb9iV6FgasVCY3nh28oQcWmVAhrG2FSGZqd8nxiw0ZhQGtjNkeG1+e1PxL6+T4rDaG8soSVFEfL5omCqCMZn+TwZSC45qZAnjWtpbCb9mmnG0KWVtCF+fkv9Jq+h6vuudl/L12jwNyMA+HEABPKhAHc6gAU3gEMM9PMKTg86D8+y8zFsXnM+ZPfgB5/UDfgaRbA==</latexit>

ξNL(τ)
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Figure S2 The solution to the non-local Fisher-Kolmogorov model accelerates with respect to the local solution and its width
decreases. Comparison of the full solution u(ξ, τ) to the non-local Fisher-Kolmogorov and the local solution uFK(ξ, τ). The wave front
positions (at half height) and half widths are ξNL(τ), ξFK(τ), σNL(τ) and σFK(τ), respectively.

S2.5. The Allometric scaling law in the 3D nonlocal
Fisher-Kolmogorov model is superlinear
Let us now turn to the full non-local Fisher-Kolmogorov
model where η > 0 (i.e. ρ1 > 0). To gain insight, we refer to
the upper left inset in Figure S1. Our numerically calculated
profiles for u(ξ, τ) show that, as the wave front progresses,
the velocity increases and the steepness grows without bound,
tending towards a shock wave.

We will follow the same rationale as in the previous sub-
section. For sufficiently long times τ, the full solution to
the d-dimensional non-local Fisher-Kolmogorov equation sat-
isfies u ≃ 1 up to the wave front, whose position (at half
height) is ξNL(τ) and accelerates, while its width 2σNL(τ) de-
creases towards zero. This means that, when comparing the
wave front propagation of the solution uFK of the local Fisher-
Kolmogorov equation to the full non-local solution, it will lag
behind the wave front of u for the same initial data. Figure S2
illustrates the behaviour of both solutions schematically.

Using (S10) and working again in radial variables, we have

M(τ) = (1 + ηN(τ))B(d)
∫ ∞

0
ξd−1 (1 − u) u dξ

≡ (1 + ηN(τ))B(d)I(d)NL (τ). (S24)

The integral I(d)NL (τ) can be approximated as I(d)FK (τ) and its ex-
pression is given by

I(d)NL (τ) ≃ 1
4d

[
(ξNL(τ) + σNL(τ))d − (ξNL(τ) − σNL(τ))d

]

≃
ξd−1

NL (τ)σNL(τ)
2 , (S25)

where we have used the fact that σNL(τ) ≪ ξNL(τ).
The behaviour of the product ξNL(τ)σNL(τ) has been stud-

ied numerically. This was done by solving Eq. (S7) nu-
merically using a combination of finite difference schemes
and Newton-Cotes quadratures. As initial data we consid-
ered small density-amplitude and localized tumours with a
given Gaussian distribution u0(x). Our simulations revealed
that ξNL(τ)σNL(τ) tends towards a non-zero constant µ that
increases with η. Therefore,

I(d)NL (τ) ≃
µ ξd−2

NL (τ)
2 . (S26)

Moreover, in the long time regime, the total number of cells
can be approximated by

N(τ) ≃ B(d)
∫ ∞

0
ξd−1u(ξ, τ) dξ ≃

B(d)ξdNL(τ)
d

. (S27)

Combining Eqs. (S26) and (S27) into (S24) we get the fol-
lowing relation between metabolic rate and total cell number
when the dynamics is governed by the d-dimensional non-
local Fisher-Kolmogorov equation

M(τ) ≃ B(d)µ

2 (1 + ηN(τ))
(

N(τ)d
B(d)

) (d−2)/d
. (S28)

In contrast with Eq. (S23), Eq. (S28) shows that, when d = 3,
the non-local Fisher-Kolmogorov model leads to a superlin-
ear allometric scaling law because the dominating exponent
is β = 4

3 > 1. However, for d ≤ 2, the exponent cannot be
superlinear and no blow-up occurs.

To gain additional insight of why the scaling exponent β
cannot be superlinear in lower spatial dimensions, one has to
take into account that when cells proliferate they need a certain
amount of available space (embodied by the carrying capacity
K within the NLFK model). If d < 3, cells reduce their effec-
tive clustering occupancy. That is, they would need to migrate
to more distant regions thus decreasing the interaction with
other competing subpopulations or else inhibit their prolifera-
tion since they saturate earlier the available space. This even-
tually precludes an exploding total proliferation activity M(t),
albeit M(t) can still grow at an exponential rate for d = 2.

To conclude this section, we should mention that Eq. (S7)
admits the following extension

∂u
∂t
= D∇2u +

(
ρ0 + ρ1Nλ(t)

) (
1 − u

K

)
u , (S29)

where λ ≥ 0 is an exponent associated to the size-dependent
growth. The exponent λ characterises whether the entire tu-
mour volume contributes to an increase in proliferation, which
occurs when λ = 1, or else it is related to a fractal dimension
of the tumour. For instance, if λ = 2/3, only a thin layer of
cells at the tumour surface would contribute to the accelera-
tion of growth. By adapting the previous analysis, the domi-
nating exponent β = 1+λ− 2

d , meaning that only if λ > 2/3 we
would expect blow-up. Moreover, the λ exponent would also
reflect effects related to the irregularity of the tumour [4].
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Figure S3 Model workflow scheme. Basic model outline (for implementation purposes). Initialization requires to set spatial domain
and time span, to define clonal population properties, and to place initial cells in a given voxel (or several of them). After that first step,
time iterations are carried out until a maximum time is reached. At each time step, every voxel is evaluated; and at each voxel, all
clonal populations are updated. This updating require first the calculation how many cells are going to reproduce, migrate, mutate or
die per voxel; and then all of them are updated simultaneously.

S3. Stochastic mesoscale tumour growth simulator
In order to further elucidate how different interacting cell pop-
ulations influence tumour evolutionary dynamics, we devel-
oped a stochastic mesoscale tumour growth simulator. Typ-
ical cellular automata or other individual-based approaches
based on cells cannot simulate tumours in volume ranges of
10−100 cm3, that contain up to 1012 cells. Individual-based
approaches would demand huge computational resources to
simulate those amounts of cells in clinically relevant time
scales (from months to several years). Thus, we opted for a
different mesoscale simulation approach. By mesoscale we
refer to a level of spatial detail where clinically relevant tu-
mour sizes are reachable at the cost of cellular resolution,
which is partially lost.

The model describes the spatio-temporal dynamics of sev-
eral competing tumour cell subpopulations and incorporates
four basic cellular processes: replication, death, migration
and mutation. Cells undergo these processes at different rates,
depending on the genetic/phenotypic characteristics of the
clonal population they belong to. Cells in the same clonal
population have the same properties, except for the microen-
vironmental conditions and an intrinsic noise coming from
stochastic transitions. The spatial domain where these clonal
populations will compete is a 3D mesh of L3 elements (vox-
els). Each voxel is a compartment where many cells may co-
exist in each subpopulation. The size of these compartments
(∆x) has been selected to resemble the voxels sizes typically
available in high-resolution medical imaging (around 1 mm3).

Instead of iterating along each cell in each voxel at every
time step, whole clonal populations are evaluated at once. At
each iteration, it must be determined how clonal populations
change their number. This is carried out by calculating the
amount of cells that duplicate, die, move to a neighbouring
voxel, or mutate. By randomly sampling from binomial distri-
butions with probabilities calculated accordingly it is possible
to assess the clonal populations. To further illustrate this, we
can consider a single cell attempting to divide. It will have two
possible outcomes: success or failure, with excluding proba-
bilities. This is none but a Bernoulli experiment. So, if we can
draw a cell’s dividing outcome by randomly sampling from a
Bernoulli distribution, the outcome of a whole clonal popu-
lation with Nsubpop cells can be drawn by randomly sampling
from a Binomial distribution with Nsubpop experiments. The
probabilities for each process and clonal populations are cal-
culated at each time step inside each voxel by the equations

Prep =
∆t
τrep

(
1 − N + D

K

)
, (S30a)

Pmig =
∆t

τmig∆x2

(
N + D

K

)
, (S30b)

Pkill =
∆t
τkill

(
N + D

K

)
, (S30c)

Pmut =
∆t
τmut

(
Nsubpop

K

)
, (S30d)

where 1/τ are the rates associated to a given cellular process;
N and D are respectively the number of alive and dead cells in
a voxel, and K is the voxel carrying capacity. The less crowded
a voxel is, the more likely it will be for cells to divide, while
chances of migration and death will be reduced. This leads
to logistic-like growth curves for each voxel in the absence of
death and interactions with other voxels. Mutation only de-
pends on the number of cells from a given clonal population.

Mathematically, the evolution of the clonal populations is
computed using the equation

N i, j,k
n,t+1 = N i, j,k

n,t + N i, j,k
nrep,t − N i, j,k

nkill,t
− N i, j,k

nmut,t

+ N i, j,k
n′mut,t

− N i, j,k
nmig,t

+ N i′, j′,k′

nmig,t
, (S31)

where t is the discrete time index, n is the clonal popula-
tion index, {i, j, k} are the voxel’s discrete spatial coordinates,
and {i′, j ′, k ′} represent spatial coordinates of neighbouring
voxels. N i, j,k

n,t is number of cells in each clonal population
n at voxel i, j, k and time t. Thus, a clonal population up-
dates its cell number by adding to its previous state (1st right-
hand term) newborn cells (2nd right-hand term), cells coming
from other clonal populations that mutate into the evaluated
one (5th right-hand term), and cells coming from surround-
ing voxels (7th right-hand term); and by subtracting dead cells
(3rd right-hand term), cells mutating into a different clonal
subpopulation (4th right-hand term), and cells migrating from
the current voxel to surrounding ones (6th right-hand term).

Contributions are randomly sampled at each time step from
binomial distributions using the probabilities (S30) and the
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Model parameters
Parameters Description Units Values

L Number of voxels per side - 80
∆x Voxel side length [mm] 1
∆t Time step length [hours] 24
K Carrying capacity per voxel [cells] 2 · 105

N0 Initial population [cells] 1
Nthreshold Minimum cell number to consider a voxel occupied [cells] 0.2 · K

Vend Maximum tumour volume [cm3] 100
1/τrep Proliferation rates [h−1] [1.3 · 10−3 − 5 · 10−4]
1/τmig Migration rates [h−1] [1.7 · 10−3 − 4 · 10−4]
1/τkill Death rate [h−1] [1 · 10−3 − 3.3 · 10−4]
1/τmut Mutation rates [h−1] [1 · 10−3 − 1 · 10−6]

Table S1 Parameters of the model used for the stochastic mesoscale tumour growth simulator
Population’s weights

Process Clonal pop. 1 Clonal pop. 2 Clonal pop. 3 Clonal pop. 4
Duplication 1 1.2 1.44 1.8
Migration 1 1.1 1.2 1.3

Death 1 0.85 0.65 0.5
Mutation 1 2 4 -

Table S2 Weights associated to each population in the simulations

equations

N i, j,k
nrep,t ∼ B

(
N i, j,k∑

n,t
, Prep

)
, (S32a)

N i, j,k
nkill,t

∼ B
(
N i, j,k∑

n,t
, Pkill

)
, (S32b)

N i, j,k
nmig,t

∼ B
(
N i, j,k∑

n,t
, Pmig

)
, (S32c)

N i, j,k
nmut,t ∼ B

(
N i, j,k
n,t , Pmut

)
. (S32d)

A mutation (or phenotypic change) process requires defin-
ing a tree, along which cellular subpopulations can evolve as
a Markov chain. Depending on whether this tree is linear,
i.e. cells jump from a given clonal population to another in a
stepwise way via mutation events, or branched in which cells
may jump to different clonal populations from a given one,
clonal populations become more aggressive as they increase
the number of mutations they carry. This aggressiveness is
translated into faster mitosis and migration ratios in the model;
changes in these rates will be modulated by weights associ-
ated to each mutation. Migration is more intricate, as migrat-
ing cells will tend to be distributed in the surrounding voxels.
Once we compute how many cells leave a voxel via (S32),
their distribution (von Neumann neighbourhood, 6 surround-
ing voxels in 3D) is determined by randomly sampling from
a multinomial distribution, whose probabilities depend on the
cell gradient between voxels, mathematically

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Nr
nmig,t ∼ M(N i, j,k

nmig,t
,Pdist,r ),

Pdist,r = α
N i, j,k

n, t −N r
n, t

6∑
r=1

(
N i, j,k

n, t −N r
n, t

) , (S33)

where r is one from the 6 possible neighbour voxels, and vari-
ables Nr

nmig,t and Pdist,r (in bold font) represent vectors of r
components (as many as neighbours).

Tumour volume was computed as the number of voxels that
contained more than a threshold number of cells. Tumour ac-

tivity was computed as the number of newborn cells at each
time step.

For the simulations analyzed in this study, a cubic grid of 80
elements per side was selected, so there were 5.12×105 voxels
available for cells to invade them. We considered four differ-
ent clonal populations, each of them being more aggressive
than the previous one. Cells from population 1 could mutate
into populations 2 or 3, but population 4 was only accessible
through these two. Initially, a single cell belonging to clonal
population 1 was placed in the central voxel of the computa-
tional domain. Each voxel measured 1 mm3, thus the max-
imum reachable volume for an spherical tumour that shows
no boundary effects will be of 268 cm3. Simulations were
stopped once the tumour volume reached values of Vend =
100 cm3.

The whole set of parameters considered in our simulations
is displayed in Table S1. Additionally, the weights that mod-
ulate the different processes rates for each clonal population
are shown in Table S2 as ratios compared to clonal population
1. In this paper we wanted to focus on the metabolic dynam-
ics and the emergence of superlinear scaling laws, however
the mesoscale simulator has been proven to be useful to de-
scribe the particular dynamics of specific tumour types. For
instance, for glioblastomas, once the subpopulations were re-
lated to the most frequent molecular alterations/subgroups and
the parameters fitted accordingly the mesoscale simulator pro-
vided a picture of the growth of these tumours resembling
closely their growth dynamics. Results will be reported else-
where.

The simulator was implemented in Julia (version 1.1.1).
Simulations were performed on a network of 12-core 64 GB
memory 2.7 GHz Mac Pro and a 12-core 128 GB memory 2.0
GHz iMac Pro machines. Computational cost per simulation
was of about 2 hours per run in single-processor mode.
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S4. Study of Partial-Volume Effects.

The term “partial-volume effect (PVE) refers to several ef-
fects that make intensity values in PET images differ from
their correct values [5]. The first effect is the image blurring
introduced by the spatial resolution of the imaging system.
This causes spillover between regions, and leads to larger but
dimmer images for small regions. Part of the signal from the
source “spills out and hence is seen outside the actual source.
A second source of image blurring is image sampling. The
voxel contours do not match the actual contours of the tracer
distribution. Thus, the signal intensity in each voxel is the
mean of the intensities of the different tissues included in that
voxel. In our case, and since the PVE is larger for smaller
sources there could be an apparent increase in the MTVs that
would be relatively larger for smaller volumes. This could
result in an apparent increase of the slope of the scaling law
that is difficult to quantify a priori. This is why we restricted
our analysis to tumours with diameters larger than 2 cm corre-
sponding to volumes larger than 4 cm3. However, to exclude
the PVE as potentially being the cause of the observed super-
linear behaviour, we performed several computational studies.

First, we calculated the scaling exponents for two additional
sets of tumours: those with diameters larger than 2.5 cm and
3.0 cm respectively. The results obtained are summarized for
breast cancer in Table S3 for patients imaged with 18F-FDG
and Table S7 for patients imaged with 18F-FLT. We also pro-
vide the results for lung cancer (Table S4), head and neck can-
cer (Table S5) and rectal cancer (Table S6). We excluded from
the analysis gliomas since they typically contain large necrotic
areas and the active tumour regions are often rim-like, thus
PVE effects, if present, will not be related to the tumour diam-
eters. For the other tumour histologies studied, having more
compact shapes, there were either no or very few tumours with
necrotic areas.

We did not find a reduction in the β values as the cutoff
tumour size was increased, that could evidence an impact of
the PVE. Instead, fluctuations in the obtained values around
the original superlinear values and a trend towards a reduction
of the R2 value and an increase in the standard deviation as the
number of patients was decreased were observed.

Next, we performed an additional test to assess possible
PVE. Since the blurred areas around the main tumour core
could be partially affected by PVE, we carried out segmenta-
tions of the core tumour areas (either manually or using the
automatic segmentation algorithm with λ = 0) for a subset
of the tumour histologies and compared the results with those
obtained with either the automatic segmentation with (λ ! 0)
or a manual one including the lower SUV part halo around the
tumour.

We performed this last study for three tumour histologies.
Results for lung cancer patients imaged with 18F-FDG are
summarized in Table S8. There the comparison was carried
out between the standard automatic procedure and the au-
tomatic procedure without the inclusion of the surrounding
lower SUV values halo around the tumour core (λ = 0, see
‘Methods’). The exponents obtained were superlinear with
overlapping intervals. In the second series of tests, for breast
cancer patients imaged with 18F-FDG, we compared the re-
sults of the standard automatic segmentation with the one

choosing λ = 0 and a manual segmentation performed choos-
ing only the higher value SUV areas. Results are shown in
Table S9. The three values obtained were in line with the
exponent reported in the main text, and in any case showed
superlinear behaviour. A final comparison was performed for
the colon cancer patients for which no automatic segmentation
could be performed due to the proximity of confounding struc-
tures. There, two manual segmentations were done, one of
them including the whole tumour and a second one restricted
to the core higher SUV value areas. Results are summarized
in Table S10. The values were compatible within them and
with the superlinear dynamics.

In summary, although the PVE is always present in PET
images and could potentially affect the obtained scaling expo-
nents, it appears that for our scanners and type of study the
choice of a minimal tumour size of 2 cm was enough to guar-
antee a minor impact of this effect.
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Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.307 0.069 54 0.87
> 2.5 cm 1.331 0.084 51 0.83
> 3.0 cm 1.211 0.124 37 0.73

Table S3 Comparison of the scaling exponent β obtained for breast cancer patients imaged with 18F-FDG and different lesion size
cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.248 0.032 175 0.90
> 2.5 cm 1.206 0.045 133 0.84
> 3.0 cm 1.261 0.064 92 0.81

Table S4 Comparison of the scaling exponent β obtained for lung cancer patients imaged with 18F-FDG and different lesion size
cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.182 0.030 76 0.87
> 2.5 cm 1.229 0.067 50 0.87
> 3.0 cm 1.300 0.097 40 0.82

Table S5 Comparison of the scaling exponent β obtained for head and neck cancer patients imaged with 18F-FDG and different lesion
size cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.386 0.152 23 0.80
> 2.5 cm 1.471 0.159 22 0.81
> 3.0 cm 1.712 0.224 20 0.76

Table S6 Comparison of the scaling exponent β obtained for rectal cancer patients imaged with 18F-FDG and different lesion size
cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.188 0.035 75 0.92
> 2.5 cm 1.147 0.046 60 0.91
> 3.0 cm 1.096 0.065 44 0.87

Table S7 Comparison of the scaling exponent β obtained for breast cancer patients imaged with 18F-FLT and different lesion size
cutoff values

Segmentation procedure Fitting exponent (β) Std deviation Number of patients R2

Standard automatic 1.248 0.032 175 0.90
Only core (λ = 0) automatic 1.192 0.047 169 0.79

Table S8 Comparison of the scaling exponent β obtained for lung cancer patients imaged with 18F-FDG with different segmentation
procedures. The automatic algorithm failed to provide consistent results with λ = 0 for six patients and were excluded from the analysis.

Segmentation procedure Fitting exponent (β) Std deviation Number of patients R2

Standard automatic 1.307 0.069 54 0.87
Only core (λ = 0) automatic 1.233 0.094 54 0.76

Only core (manual) 1.255 0.052 54 0.91

Table S9 Comparison of the scaling exponent β obtained for breast cancer patients imaged with 18F-FDG with different segmentation
procedures.

Segmentation procedure Fitting exponent (β) Std deviation Number of patients R2

Manual (whole tumour) 1.386 0.152 23 0.80
Manual (only core) 1.307 0.137 23 0.82

Table S10 Comparison of the scaling exponent β obtained for rectal cancer patients imaged with 18F-FDG with different segmentation
procedures.
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Extended Data Figure 1 Two human cancer animal models display superlinear growth dynamics. Group 1 (G1) data corre-
spond to untreated nude mice injected with the human lung adenocarcinoma brain tropic model H2030-BrM (see methods). Group
data (G2) correspond to primary glioma cells (L0627) expressing the luciferase reporter gene injected into the brain of nude mice (see
methods). Bioluminiscence images for G1 for some mice are shown in panel A. Total tumour mass growth curves for G1 showed
superlinear dynamics with best fitting exponent β = 1.25 (for G2 it was β = 1.3). (B, upper panel). Errors relative to best fit were found
to be substantially smaller with the optimal superlinear fits than for both the linear and sublinear fits (exponents 1 and 0.75 respectively)
(B, lower panel).
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