Appendix: Proof of Proposition 1

Without loss of generality, we consider k& = 1. Let us call T* to the random variable T'(e, M;(e*), W1(e**)), being

(e,e*,e**) € {0,1}3. Then, the rate can be expressed as:

1
v(t; e, Mq(e*), Wi(e**)) = lim — P(T* € [t,t +dt] | T* > t).
dt—0 dt

It holds that:
PT*elt,t+dt] | T >t) = IE{X‘T*N}[P(T* eftyt+dt] | X =2,T" > 1t)]

and, similarly, being F(m,w;) the distribution function of M;j(e*), Wi(e**) given that X = z and T™* > ¢:

P(T*e[tt+dt]|X =2, >t) = [on P(T* €[t,t+dt] | X =2, My =mq, Wy = wy, T* > t) dF(mq,w1)
= Jox P(T(e,my,w1) € [t,t+dt] | X =, My =m1, W1 = wy, T(e,my,wy) > t) dF(my,wr)

= f]RI\' P(T(e,my,wq) € [t,t+dt]|X =, E =e, My =mq, W1 = wq,T(e,my,w1) > t)dF (mqy,wn).

Using the bounded convergency theorem and the additive risk hypothesis:

y(tse, My(e*), Wi(e™)) = E{xjre>4 [/R (Ao(t) + Are + /\gx + /\g(mla w{)T) dF(my, w1)]

k

= /\o(t) + Me+ /\g E(X|T* > t) +]E{X|T*>t} |:/K /\3T(m1,w1T)T dF(ml,wl)} .
R

In addition,

Jpx AL (my, wD)TdF (my,wy) = I]RK )\g(ml, w{)T f(Mi(e*) =my, Wi(e™) =wy1 | X =, T* > t) dmidun

T T\T P(T*>t | Mi=mi,Wi=w1,X=x) f(Mi(e")=m1,Wi(e)=w; | X=1)
f]RK )‘3 (m17 wy ) P(T*>t|X=x) dmydw; .



Following the same arguments and taking into account that Aalen additive hazards models have been used for a

time-to-event setting:

P(T*>t\M1:m1,W1:w1,X:x) = P(T(e,ml,w1)>t\Mlzml,lewl,X:x,E:e)

t
= exp{— /0 No(u)du — Ayet — AT ot — N2 (mq, wi)Tt}.

Also,

P(T*>t|X:CC) = / P(T*>t|M1:m1,W1:w1,X::E) dF(ml,wl)
REK

t
= e;vp{—/ Ao(uw)du — Aret — )\ZTxt} E (exp{—AL(m1,w])Tt})
0

Hence, defining V = A\l (m1,w!)T and putting together the above results, it holds that:

E — X =
A3 (ma,wi) T dF (my,w) :/ V dF(my,w;) = (Vexp{~tV} | x)

RE RE E(exp{—tV} | X =2) °

The distribution of (M (e*), Wy (e**) | X = x) is multivariate normal [?] with covariance matrix X, which does not
depend on the exposures, and expected values:
E(M1<€*) | X = l‘) = qp1 + a11e* + as1x

E(M;(e™) | X =) = agj + €™ + sz, j=2,..., K.

Thus, the distribution of V' is normal with:

K
E(V | X =)= ao+ As1anie” + Z)\S.jalje** + AT g
j=2

Var(V | X =z) = AI2)s.



Thus, following Lange and Hansen 2011 [?],

E(Verp{—tV}IX = z)
E(exp{—tV}X = z)

EV|X =z) —tVar(V|X =x)

K
)\gao + Ag1aq1e” + Z)\gj()élje** + )\gagl‘ — t)\g:Z/\g,

j=2
and it holds that the counterfactual rate can be expressed as:
K
’)/(t; €, M(e*), W(e**)) = O(t) + )\16 + )\310&116* + Z)\gjozlje**,
=2

being C(t) = Ao(t) + AL E(X | T* > t) + AYag + M ag E(X | T* > t) — tAL ¥ )3 a function of ¢ that does not depend

on the exposures.



